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SUMMARY
An efficient numerical analysis method for wavelength-scale and sub-wavelength-
scale photonic structures is developed. It is applied to metal-clad nano-lasers and
photonic crystal-based DBRs to calculate intrinsic losses (from open boundaries),
and to photonic crystal-based waveguides to calculate intrinsic and extrinsic losses
(due to fabrication errors).
Our results show that a metal-clad surface plasmon-based laser in a cylindrical
configuration requires more gain to lase than is available from a semiconductor gain
region. However, the lowest order TE and HE guided modes exhibit less loss than
the other modes, and hold the most promise for lasing. For photonic crystal-based
structures, our matrix-free implementation of the planewave expansion method for
calculating layer modes combined with mode-matching between layers using a few
lower order modes is shown to be a computationally efficient and reliable method.
This method is then used to introduce robust design concepts for designing photonic
crystal-based structures in the presence of fabrication uncertainties. Accounting for
fabrication uncertainties is shown to be particularly important in the regions of the
device where the light exhibits very low group velocity (‘slow light’). Finally, the
modal discrimination properties of photonic crystal-based DBRs (Distributed Bragg
Reflectors) are compared with the properties of conventional oxide-DBR combinations
to analyze the contribution of out-of-plane diffraction losses to modal discrimination.
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CHAPTER I
INTRODUCTION
The ability to tailor the dispersion, confinement and extraction properties of light has
sparked intense interest in periodic media (photonic crystals) within the photonics
community. Photonic crystals have drawn the attention of scores of researchers from
the perspective of inherent physics as well as applications. The periodicity of the
medium modulates the optical wavefunction, resulting in the constructive or destruc-
tive interference of wavefunctions of various frequencies. As a consequence, only light
in certain wavelengths ranges can propagate through the medium, while other wave-
length ranges can’t penetrate the medium due to destructive interference. The range
of wavelengths that can’t penetrate the periodic medium is known as the band gap
[147, 58, 148, 48, 149] of the medium. Intentional defects can be created in photonic
crystals by breaking the periodicity. These defects are used to generate localized
electromagnetic states in the wavelength range of the bandgap of a defect-free bulk
crystal. These localized states may have a small effective group velocity, which is
referred to as slow light. The slow light obtained [43, 53] by using defects in a peri-
odic medium provides a possible platform for all-optical processing of signals. Also,
the structural properties of the periodic medium can be adjusted to observe negative
refraction, even though the material does not possess a negative effective refractive
index [86].
Some applications of bulk photonic crystals include distributed feedback (DFB)
lasers, superlenses [68], superprisms [85], photonic crystal waveguides [140], couplers
[63], splitters [9], high-Q small volume microcavities [101, 133], photonic crystal-based
surface emitting lasers [150], and photonic crystal fibers [16], amongst others.
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Another type of medium which is of immense interest to photonics researchers is
the metallic medium [120]. Metal surfaces are known to guide light in surface plasmon
modes, and therefore have the potential to provide a basis for sub-wavelength-scale
nanophotonic devices. With the advancement of novel fabrication techniques, various
nanophotonic applications based on thin metallic films have been explored. Though
metallic surfaces give rise to surface plasmons, they also exhibit significant optical
absorption and loss. For this reason, it has not been possible to successfully lase
a device using surface plasmon modes coupled to a semiconductor gain medium at
infra-red (IR) and visible wavelengths.
In this thesis, photonic crystal-clad waveguides and cavities and metal-clad cylin-
drical waveguides and cavities have been theoretically investigated using mode-matching
methods.
The organization of the dissertation is as follows: the next two sections of this
chapter provide motivation for the thesis work and a brief review of past work. In
the next chapter, metal cladding for cylindrical nano-lasers is investigated using tra-
ditional cylindrical waveguide theory. The theory behind the out-of-plane mode-
matching using vectorial planewave expansion-based scattering matrix analysis is
presented in chapter 3. The theory developed in Chapter 3 is used to calculate
the effect of extrinsic losses due to fabrication errors in photonic crystal couplers in
chapter 4, and to calculate the modal discrimination in photonic crystal-based dis-
tributed Bragg reflectors (DBRs) in chapter 5. Finally in chapter 6, the summary
and possible future directions of the research are presented.
Throughout this thesis, the z-direction is known as the out-of-plane direction, and
the (x,y) or (ρ,φ) directions are referred to as in-plane directions.
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Figure 1: Photonic crystal defect-based VCSEL.
1.1 Motivation and brief review
1.1.1 Metal cladding for waveguides and lasers
For nanophotonic applications, thin metals are used to confine light in sub-wavelength-
scale domains in the form of surface plasmons [138, 124, 144]. Several investigations
of planar surface plasmon-based lasers exist [144, 10, 124]. Cylindrical structures such
as nanowire [60] and micropost [112] -based lasers have been shown to possess good
lasing properties in the absence of metals, but there has been little experimental or
theoretical investigation of nanowires or microposts clad with metal for use as surface
plasmon-based lasers. One exception is ref.[91], where the nanowire laser is treated
as having infinite thickness metal cladding, but no investigation of finite thickness
metal cladding is performed. In this thesis, the impact of metal cladding on the loss
and lasing properties of micropost and nanowire lasers is isolated by neglecting the
presence of mirrors in the out-of-plane direction. Three-layer in-plane mode-matching
through classical cylindrical waveguide theory is then used to study the loss properties
of cylindrical laser structures with finite thickness metal cladding.
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Figure 2: A line defect in a photonic crystal slab.
1.1.2 Photonic crystal cladding for waveguides and lasers
Consider the wavelength-scale optical devices shown in Figs. 1 and 2. The optical
power propagation occurs primarily along the z-direction in both devices. However,
the device depicted in Fig. 1 is a layered device along the z-direction, while the device
depicted in Fig. 2 has a continuously varying (periodically modulated) refractive
index along the z-direction. One way to find the electromagnetic field distribution
throughout these structures is by meshing the entire device using a 3D grid and
then solving Maxwell’s equations in real space using finite-difference or finite-element
methods. Though real-space approaches are robust and straightforward, the problem
size can be impractically large for complex structures. One alternative approach
is to solve the problem using a reciprocal domain technique combined with mode-
matching. First, the structure is split into many 2D slices, each of which is uniform
along the z-direction. For the device in Fig. 1, each layer forms a 2D slice, and for
the device in Fig. 2, the structure is approximated by slicing it into thin 2D slices.
Then, using planewaves as a basis set, the modes of each 2D slice are calculated in
reciprocal space. Finally, these modes are matched across interfaces between slices via
scattering matrix analysis [143, 79, 109, 137] to calculate field propagation throughout
the device.
Theoretically [60], planewaves with the periodicity of the lattice form a natural
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basis for the calculation of modes in photonic crystals because they satisfy the Bloch
condition. With planewave expansion in the directions of periodicity, Helmholtz’s
equation can be reduced to an eigenvalue problem in reciprocal space with either the
frequency squared ((ω
c
)2) [60, 128, 44] or the z-component of the wavevector squared
(k2z) [47, 77, 29] as the eigenvalue. For the problems we consider, the frequency
and the angle of incidence in one layer are known, and the problem is to find all
of the resultant propagating and evanescent fields in all layers. For this reason,
k2z is used as the eigenvalue in this thesis. There are various methods to calculate
the coupling between Bloch layer modes, including coupled mode theory [40], the
Fourier modal approach [40, 77], the admittance method [29], the method of lines
[47], eigenmode expansion [14], finite elements [99], finite differences [151], and the
multi-pole approach [142]. All of these methods are well known and have been well
documented in the literature.
In [79, 14, 109], the reciprocal domain mode-matching approach has been shown
to be computationally efficient. By using vectorial layer modes (guided, leaky and
perfectly matched layer (PML) modes) as basis sets [79, 109, 14], scattering matrix
analysis along the z-direction was carried out to calculate the amplitudes of the layer
modes in each layer. The mode amplitudes, along with the layer modes themselves,
are then used to find the total field distribution throughout the device. However, in
[14], the layer modes were found using analytical formulations. No analytical formu-
lations exist for the layer modes of the devices shown in Figs. 1 and 2. Therefore,
a numerical method has to be adopted to calculate the basis modes in each layer.
Again, finite differences or finite elements can be used to solve for vectorial modes in
each 2D layer. However, these methods are still cumbersome because of the require-
ments of problem-dependent gridding, slow speed, and large memory usage. Another
solution is to use numerical planewave expansion with an explicit Helmholtz matrix
to find layer modes, as in ref. [79] and ref. [109]. In this approach the spatial Fourier
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transform of the permittivity has to be analytically derived to build the convolution
operator for the explicit Helmholtz equation matrix. This method is suitable for di-
electric structures for which the analytical Fourier transform can be calculated. The
Helmholtz equation matrix obtained is not sparse and has a size of 2N × 2N , where
N is the number of grids. If 128× 128 grids are used for the structure in Fig. 1, this
technique would require more than 16, 000 planewaves. Therefore, if the method in
[79] or [109] is followed, the Helmholtz matrix would be a non-sparse matrix of size
32000 × 32000, which is highly impractical and inefficient to solve. Ultimately, the
planewave expansion approach is efficient for large structures only if:
1. It can be generalized and made applicable to arbitrary structures.
2. It can be made faster than real space approaches.
3. It can be made memory efficient.
4. It does not rely on analytical calculations (it can be completely automated).
In this work, a planewave expansion technique is used along with a numerical
Fourier operator to increase generality, automation, and speed compared to previous
formulations. This leads to a matrix-free Helmholtz equation, which also increases
memory efficiency [74, 73]. Planewave expansion using a numerical Fourier operator
offers various advantages, such as:
1. Simple grids: uniform grids are used. There is no need for complex gridding.
2. Memory efficiency: it is shown in the next chapter that the problem is matrix
free. For a problem with N grids, the storage requirement of the Helmholtz
equation is only 2N .
3. Speed: there is no time-consuming computation for building an explicit Helmholtz
equation matrix. The numerical Fourier operator used in the Helmholtz equa-
tion requires only O(N logN) computations for a problem with N grids.
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Compared to previous work [79, 109, 14, 29], the planewave expansion method
presented in this thesis offers a more efficient and faster way to calculate modes in
arbitrary wavelength-scale devices using simple grids in the x-y plane to calculate
all propagating and evanescent layer modes. Mode-matching analysis via scatter-
ing matrices is then carried out along the z-direction. Therefore, the z-direction
will have very few grids for a wide range of problems of interest. The combina-
tion of planewave expansion for calculating all layer basis modes, along with out-of-
plane mode-matching analysis to find the final electromagnetic distribution of fields
throughout the device, is known as the Fourier modal approach [79, 109].
The Fourier modal approach is applicable to arbitrary dielectric media. This
allows one to model fabrication uncertainties in the problem. A significant problem
confronting the design of sub-micron scale photonic crystal-based devices is the extrin-
sic optical loss caused by fabrication errors. This problem is often neglected, despite
experimental and theoretical evidence that fabrication errors [145, 49, 67, 35, 105]
lead to uncontrolled scattering of light in photonic crystal structures. In this thesis,
a robust design concept which provides criteria for selecting device design parame-
ters to obtain the best combination of high device performance and low performance
uncertainty in the presence of fabrication uncertainties is developed. Using slow light
couplers as an example, the robust designs are compared with the optimum design
(obtained without fabrication uncertainties) to show the impact of uncertainties in
these structures. Some of the results can be generalized to arbitrary photonic crystal-
based devices.
Finally, the Fourier modal approach is applied to another significant problem: the
electromagnetic design of photonic crystal-based distributed Bragg reflectors (DBRs)
used in high-power single-mode surface emitting lasers. Conventional vertical cavity
surface emitting lasers (VCSELs) are known to be versatile sources for optical com-
munications. Since their inception [130] and development [51], various theoretical
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[66, 8, 23, 14] and experimental models of VCSELs [51, 41, 56, 21, 154] have been in-
vestigated. Although multi-mode oxide-confined VCSELs are known for strong lateral
confinement of modes, high output power, and good current confinement properties,
they also have the disadvantage of producing broader spectral output. To reduce the
spectral width, single-mode operation is necessary. For obtaining single-mode oper-
ation, mode-selective optical losses are usually introduced in the VCSEL structure.
Although these mode-selective losses increase the loss of higher-order modes, they also
increase the loss of the fundamental mode, which is undesirable. Therefore, designing
an efficient high-power single-mode VCSEL is a challenging task. Reducing the size
of the oxide aperture for single-mode operation would increase the resistance of the
device and result in early thermal rollover, limiting high-power operation. Increasing
the aperture diameter allows higher output powers but also results in a decrease in
modal discrimination. It is shown in [150, 38] that the use of a photonic crystal defect
cavity for the lateral confinement of modes makes it possible to achieve high-power
single-mode VCSEL operation. This problem is well-suited for the Fourier modal ap-
praoch, which is used to investigate the modal discrimination properties of photonic
crystal DBRs.
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CHAPTER II
THEORETICAL INVESTIGATION OF METAL
CLADDING FOR NANOWIRE LASERS AND
CYLINDRICAL MICROPOST CAVITIES
In this chapter, an investigation of the transverse modal properties of cylindrical
subwavelength metal-clad nanowire and micropost lasers via in-plane mode-matching
analysis is carried. In this method, the effect of finite metal cladding thickness and
gain in the core is considered. This chapter closely follows our published journal
article[72].
2.1 Introduction
Recently there has been considerable interest in surface plasmon-based lasers [138,
124, 144] for nanophotonic applications. These devices attempt to achieve lasing with
metal-dielectric surface plasmon modes, for which subwavelength-scale cavity confine-
ment is possible. A surface plasmon-based laser has been successfully demonstrated
at long wavelengths [138]. Also, there has been an investigation of lossless transmis-
sion of surface plasmon modes when a metal surface is adjacent to a gain medium
[98]. The coupling of stimulated emission into short range and long range surface
plasmon modes was also calculated in [144]. A proposal to exploit the stimulated
emission in the active region to coherently strengthen the electric field of a surface
plasmon mode has been made in [10, 124]. However, all the above investigations have
been restricted to planar waveguides.
There has been an investigation of metallic cylindrical waveguides in the long
wavelength range for low loss transmission of various modes in the core guided mode
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regime [88, 95, 55]. Surface plasmon modes and their loss properties in cylindrical
waveguides [3, 91] were also calculated, but the analysis was restricted to purely TM
modes in [3], and the cladding layer was assumed to have an infinite width in [91].
There has also been interest in various nanoscale vertically emitting sources, such as
nanowire lasers [60] and micropost-based cavities [112]. The objective of the present
work is to quantitatively investigate the effect of metal cladding with finite thickness
on the confinement, loss and coupling of modes in cylindrical nanowire and micropost
lasers.
The chapter is organized as follows. First, a description of the laser waveguide
structure, and the mode calculation technique is presented. This is followed by results
for various core guided modes and dielectric-metal surface guided modes (surface
plasmon modes). Finally, conclusions are drawn based on the results.
2.2 Structure
Figure 3: Metal-clad laser structure.
The structure under consideration is shown in Fig. 3. It is a cylindrical waveguide
with metal cladding. The core semiconductor is considered to be In0.2Ga0.8As [100,
65], with a refractive index of 3.6. The metal used in the calculation is gold, with
a refractive index of 0.22 − j6.71 [108]. The entire waveguide is surrounded by air.
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The mirrors capping the laser cavity above and below are not considered for the
purposes of this paper; the reflectivity of the endcaps can be made arbitrarily large
using dielectric or metallic mirrors. Therefore, for our purposes the cylindrical laser
waveguide is considered to be of infinite length. All calculations are done for a fixed
wavelength of 1 µm.
The gain in the active semiconductor cavity will depend on the detailed internal
structure of the nanowire and the method of pumping. The majority of experimentally
realized nanowire and micropost lasers are optically pumped [124, 144, 60, 112] in
the visible and UV range. In many nanowire structures, electrical pumping is not
possible because of the absence of pn junction and controlled doping [114]. However,
this difficulty can be overcome with advancements in materials science. For the
purposes of this work, it is not necessary to restrict our analysis to a particular
pumping method. In our simulations with gain included, we assume a reasonable
value for the material gain of the In0.2Ga0.8As active region, 1000 cm
−1.
2.3 Theory
The theory behind the infinite cylindrical waveguide is well known [3, 17]. By assum-
ing a particular functional form with unknown coefficients for the coupled Ez and Hz
field components in each region, all the other components of fields can be calculated.
In layer I,
Ez = A
I Iν(k
I
t ρ)
Iν(kIt a)
cos νφe−ikzz (1)
Hz = B
I Iν(k
I
t ρ)
Iν(kIt a)
sin νφe−ikzz (2)
In layer II,
Ez = (A
II
1
Iν(k
II
t ρ)
Iν(kIIt a)
+ AII2
Kν(k
II
t ρ)
Kν(kIIt a)
) cos νφe−ikzz (3)
Hz = (B
II
1
Iν(k
II
t ρ)
Iν(kIIt a)
+BII2
Kν(k
II
t ρ)
Kν(kIIt a)
) sin νφe−ikzz (4)
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In layer III,
Ez = A
III Kν(k
III
t ρ)
Kν(kIIIt (a+ t))
cos νφe−ikzz (5)
Hz = B
III Kν(k
III
t ρ)
Kν(kIIIt (a+ t))
sin νφe−ikzz (6)
In the above equations AI , BI , AII1 , A
II
2 , B
II
1 , B
II
2 , A
III and BIII are the unknown
coefficients. kt =
√
k2z − k
2 is the transverse component of the wavevector, kz is
the out-of-plane component of the wavevector, k is the wavevector in a dielectric
medium, k0 is the wavevector in air, η is the intrinsic impedance of vaccum, a is the
radius of the cylinder and t is the thickness of the metal cladding. Iν() and Kν()
are the modified Bessel and modified Neumann functions, respectively. The modified
Bessel and Neumann functions can be replaced by ordinary Bessel and Neumann
functions by changing the in-plane wavevector definition to
√
k2 − k2z . From the
above formulations, fields Eφ and Hφ are calculated in each region using Maxwell’s
equations. The unknown coefficients are obtained by matching the tangential field
components at the cylindrical boundaries between each region. This results in an
8 × 8 matrix as shown in (7). The dispersion equation is obtained by setting the
determinant of the matrix in (7), equal to zero. In our implementation, Newton’s
method is used to solve the dispersion equation.
To examine the effects of metal cladding, the parameters of interest are:
1. The modal gain or attenuation constant, α which indicates the spatial rate of
growth or spatial rate of decay of modes.
2. The confinement factor (gain overlap factor), Γ which indicates the amount of
modal power in the gain region.
3. The coupling factor, ξ which indicates the amount of modal power present
outside the waveguide region (modal spreadout).
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In this work, modes are calculated for both passive and active core dielectrics.
For the active core case, the core dielectric is given a material gain of 1000 cm−1.
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Assuming that the modal patterns do not change significantly with the inclusion
of optical gain in the core dielectric, the confinement factor Γ is defined using the
following relation.
αwith gain = Γαbulk + αwithout gain (8)
Thus,
Γ =
αwith gain − αwithout gain
αbulk
(9)
where the out-of-plane component of the wavevector kz = β + jα, in which β is the
phase constant and α is the the attenuation constant (negative for attenuation and
positive for amplification). The gain overlap factor, Γ represents the ratio of the
modal gain to bulk gain. αwithout gain represents the attenuation constant of metal-
clad passive cylindrical waveguide modes, which is equal to the loss of the active
waveguide modes.
One potential advantage of metal-clad optical micro and nanostructures is reduced
cross-coupling between closely spaced devices on a photonic integrated circuit. In
order to evaluate the cross-coupling properties of the metal-clad waveguide, a coupling
parameter ξ is defined as the ratio of the modal power outside the waveguide to the
total power of the mode.
ξ =
∫
outside waveguide
ℜ{E¯ × H¯∗}.zˆ dS∫
ℜ{E¯ × H¯∗}.zˆ dS
(10)
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2.4 Verification
Figure 4: Normalized phase constant as a function of metal cladding thickness for
the normalized waveguide radius k0a = 4 for verification of the developed Helmholtz
equation solver with a result in [3].
Figure 5: Normalized attenuation constant as a function of metal cladding thick-
ness for the normalized waveguide radius k0a = 4 for verification of the developed
Helmholtz equation solver with a result in [3].
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The results in [3] for k0a = 4 in Figs. 1(a) and 1(b) are re-produced for verification
purposes in Figs. 4 and 5. The wavelength of operation, λ = 0.633µm, the inner
and outer refractive indices are equal to 1.5, and silver with a relative permittivity of
−19 + i0.53 serves as metal cladding.
2.5 Results
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Figure 6: Normalized phase constant as a function of core radius for a nanowire
waveguide with no metal cladding.
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Figure 7: Normalized phase constant as a function of core radius for a nanowire
waveguide with metal cladding of thickness 20 nm.
Figure 8: A surface plasmon mode at a metal-dielectric interface [7]. (a) Oscillating
charges and field profile of a surface plasmon mode. (b) The absolute value of the
longitudinal field as a function of distance from the interface. Note that it is high at
the interface.
Fig. 6 and Fig. 7 are the plots of normalized phase constant β vs. the radius of the
passive cylindrical dielectric waveguide, with and without metal cladding respectively.
As shown in the figures, the metal cladding has two effects. The first effect is that, it
gives rise to surface plasmon modes, whose Poynting vector is largest at the dielectric-
metal surface. (The other modes, which exist in both, unclad and clad waveguides,
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shall be referred to as core guided modes.) The second effect is that the radius at
which the core guided modes are cut off is increased in the metal-clad waveguide.
This is due to tighter confinement of the mode patterns of the core guided modes
in the metal-clad waveguide, which leads to a smaller value of β for a particular
radius. The first effect is not observed in the TE modes, because TE polarized
surface plasmon modes do not exist [120]. The existence of surface plasmon modes
depend on the field pattern. TE modes have only one electric field vector component,
which is perpendicular to the plane of incidence. From Fig .8, it can be seen that the
surface plasmon modes require two electric field components, parallel to the plane of
incidence. One field component (Ex in Fig. 8), being continuous and the other field
component (Ez in Fig. 8), being discontinuous at the interface to cause oscillating
charges (surface plasmon mode propagation) at the interface. Such field pattern can
only be excited by TM and hybrid modes.
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Figure 9: Normalized Poynting vector of air-metal surface guided (symmetric surface
plasmon) and core-metal surface guided (asymmetric surface plasmon) TM modes for
a fixed core radius of 130 nm and a cladding thickness of 20 nm.
Two types of TM and hybrid surface plasmon modes exist. The first type is guided
by the core-metal surface. They are asymmetric surface plasmon modes [18, 3] because
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the transverse electric fields do not become equal to zero in the metal cladding. The
second type is guided by the air-metal surface. They are also known as symmetric
surface plasmon modes [18, 3] because the transverse electric fields do not become
equal to zero in the metal cladding. Typical intensity patterns of these two types of
modes are plotted in Fig. 9 for a core radius of 130 nm and a cladding thickness of
20 nm.
[H]
Figure 10: Normalized Poynting vector of TM01 mode for two different core radii.
The air-metal surface guided mode for small radius (0.16µm) transforms into a core
guided mode for larger radius (0.26µm).
For small values of the waveguide core radius, only surface plasmon modes are
supported. The modes guided at the air-metal surface have relatively low loss and
hence are known as long range surface plasmon modes [18]. These modes are of
practical interest in nanophotonics. With an increase in radius, the air-metal surface
guided modes become core guided modes as shown in Fig. 10. By contrast, the modes
guided by the core-metal surface are very lossy.
For values of the waveguide core radius less than 85 nm in the considered structure,
only core-metal surface guided modes exist, and therefore these radii are not of much
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practical interest for lasers. All TM and hybrid core-metal surface guided modes are
represented with an affix ‘SP’ and the corresponding azimuthal mode number as in
Fig. 7.
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Figure 11: Normalized attenuation constant as a function of core radius for a
nanowire waveguide with metal cladding of thickness 20 nm. HE11 and TM01 modes
show a transformation from high-loss (air-metal) surface guided modes to low-loss
core guided modes.
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Figure 12: Normalized attenuation constant as a function of core radius for a
nanowire waveguide with metal cladding of thickness 50 nm. The losses of the core-
metal surface guided modes are reduced relative to the 20 nm thick cladding.
We consider a reasonable minimum metal thickness of 20 nm [144], and regard it
as thin metal coating. As will be seen later, we observed that for thicknesses greater
than 50 nm, the attenuation is almost independent of thickness. Therefore 50 nm
is referred to as a thick metal coating. Fig. 11 and Fig. 12 are plots of normalized
attenuation constant as a function of waveguide core radius for thin (20 nm) and thick
(50 nm) metal-clad cylindrical passive waveguides respectively. As stated earlier, the
core-metal surface guided modes suffer heavy losses, as compared to core guided and
air-metal surface guided modes. It is interesting to note the loss vs. radius behavior
of TM01 and TM02 modes. These modes have relatively small loss for small radii, and
the loss increases with radius. After attaining a peak, the loss decreases with radius
until it asymptotically approaches a constant value. The HE11 mode also shows
similar behavior. To explain this, we must examine the mode intensity patterns of
a single-mode at different radii. Fig. 10 is a plot of the Poynting vector of a TM01
mode formed in a thin metal-clad waveguide at a radius of 160 nm and 260 nm. As
seen in Fig. 10, it is an air-metal surface guided mode (symmetric surface plasmon
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mode) for small radii, with relatively small loss. The loss of this mode increases as
the radius is increased. However, the mode gradually transforms into a core guided
mode, as seen in the same figure. Following this transformation, the loss decreases
with increasing radius, as the core becomes large enough to accomodate the mode
without much overlap with the metal.
However all TE modes and higher-order HEpq modes exist as core guided modes.
This causes losses to decrease, and asymptotically approach a constant value with
increase in radius.
The introduction of thicker metal cladding reduces the losses of all core-metal sur-
face guided modes, but does not strongly affect the loss of air-metal surface guided
modes. Thicker metal cladding also increases the radius for which air-metal surface
guided modes transform into core guided modes. In order to understand the decrease
in the losses as the metal cladding thickness increases, a factor representing the nor-
malized electric field overlap with the metal, ∆m is defined and it is similar to the
confinement factor in [139],
∆m =
β
ηk0
∫
inside metal
|E¯|2 dS∫
ℜ{E¯ × H¯∗}.zˆ dS
(11)
As the factor, ∆m decreases, the modal loss decreases as well [139]. Fig. 13
illustrates this with a plot of normalized attenuation constant and normalized metal
overlap vs. metal thickness for both, core-metal surface guided modes and air-metal
surface guided modes.
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Figure 13: Normalized attenuation constant and normalized electric field in the
metal for both core-metal surface guided modes (solid lines) and air-metal surface
guided modes (broken lines) as a function of metal coating thickness for a fixed radius
of 150 nm. This confirms the proportionality of total normalized electric field in the
metal to the attenuation constant.
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Figure 14: Normalized attenuation constant as a function of core radius for an active
nanowire waveguide with no metal cladding. Gain is seen in all modes.
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Figure 15: Normalized attenuation constant as a function of core radius for an active
nanowire waveguide with metal cladding of thickness 20 nm.
0.1 0.15 0.2 0.25 0.3
−0.05
−0.04
−0.03
−0.02
−0.01
0
0.01
0.02
0.03
Normalized radius of the core, r/λ
N
or
m
al
iz
ed
 a
tte
nu
at
io
n 
co
ns
ta
nt
, α
/k
0
TE01
TM01
HE11
TM02
HE12
HE21
HE1SP
TM0SP
HE2SP HE3SP
[H]
Figure 16: Normalized attenuation constant as a function of core radius for an active
nanowire waveguide with metal cladding of thickness 50 nm. The losses of the surface
guided modes and TM modes are reduced relative to the 20 nm thick cladding.
In order to examine the amplification properties of metal-clad waveguides with
gain, a material gain of 1000 cm−1 was introduced in the core. As expected, the loss
properties of the modes change significantly after this change. Fig. 14 is a plot of
24
normalized attenuation constant as a function of the radius of the active waveguide
without metal cladding. Fig. 15 and Fig. 16 are the plots of normalized attenuation
constant of the active waveguide with thin and thick metal cladding, respectively.
Both, TM and hybrid core and air surface guided modes appear in the waveguide,
even without metal cladding because the core is now active. The modal gain depends
on the normalized strength of the electric field inside the waveguide (gain overlap
factor) [139, 90], and therefore the core-air surface guided modes show small gain for
small waveguide radii. As the radius increases, these modes gradually become core
guided modes resulting in increased gain, due to improved power overlap with the
gain region.
As seen above, in the metal-clad waveguide, the core-metal surface guided modes
are very lossy; however, the losses are reduced in the waveguide with thicker metal
cladding, allowing a net gain and the possibility of lasing in core-metal surface guided
mode. The air-metal surface guided modes exhibit little normalized electric field in
the core. So, they show little change in gain, with thin or thick metal cladding.
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Figure 17: Normalized attenuation constant as a function of normalized material
gain for an active nanowire waveguide with core radius of 150 nm and a metal cladding
of thickness, 20 nm. The TE01 and HE11 modes show potential for lasing, but the
surface plasmon modes do not.
Another observation is, for some intermediate values of radii, TE01 [88] modes
showed a gain with thin and thick metal cladding and it can be seen in Fig. 15 and
Fig. 16. When modal gain was plotted against material gain for a radius of 150 nm,
and a metal cladding thickness of 20 nm as in Fig. 17, TE01 and HE11 showed an
increased gain. So, even for smaller material gain compared to other modes, TE01
and HE11 showed some potential for lasing. Since both modes have a small fraction
of their modal field in the metal cladding, they are less affected by loss due to the
metal. Thus one advantage of the metal cladding is a reduction in the number of
transverse modes besides the TE01 and HE11 modes competing to lase. However, it
appears that the surface plasmon modes are not attractive candidates for lasing in
this geometry.
The confinement factor, Γ and loss (αwithout gain) of various waveguide modes are
tabulated in the following page. The calculations were done for an optimum radius
of 220 nm, where TE01 mode gain has an increased separation from other modes.
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Figure 18: Normalized coupling power as a function of core radius for an active
nanowire waveguide with no metal cladding.
Using the bulk material gain, the net gain of the waveguide can be obtained from the
parameters in the table.
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Figure 19: Normalized coupling power as a function of core radius for an active
nanowire waveguide with metal cladding of thickness 20 nm. The coupling is reduced
for most modes relative to the waveguide with no metal cladding.
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Table 1: Confinement factor and attenuation constant associated with various modes
TM01 TE01 HE11 TM1SP HE1SP
Γ α (in 1/µm) Γ α (in 1/µm) Γ α (in 1/µm) Γ α (in 1/µm) Γ α (in 1/µm)
no metal 1.0588 0 1.1675 0 1.0956 0 - - - -
thin metal 1.6750 −0.3016 1.3625 −0.0452 1.3635 −0.1043 1.9250 −0.1100 1.9000 −0.6817
thick metal 0.0375 −0.0245 1.3875 −0.0377 1.4875 −0.0949 1.6375 −0.3135 1.5625 −0.2871
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Figure 20: Normalized coupling power as a function of core radius for an active
nanowire waveguide with metal cladding of thickness 50 nm. The coupling is reduced
for most modes relative to the 20 nm thick cladding.
In order to assess the intercavity coupling properties of the cylindrical waveg-
uide, with and without metal cladding, the parameter ξ, which gives the normalized
power outside the waveguide was calculated. As expected, the cylindrical waveguide
with metal cladding shows reduced coupling relative to the waveguide without metal
cladding for core-guided and core-metal surface guided modes. Fig. 18, Fig. 19 and
Fig. 20 show the plots of ξ without metal cladding, with thin metal cladding and
with thick metal cladding respectively. The power confined within the core increases
with the thickness of the metal cladding for core guided and core-metal surface guided
modes, and hence reduces coupling to adjacent regions. Therefore a metal cladding
can be useful to help reduce the coupling between closely-spaced arrays of lasers.
Though air-metal surface guided modes have small loss, they carry a large fraction
of their power outside the waveguide, and therefore will exhibit increased coupling.
Also, increasing the metal layer thickness will have little effect on coupling of air-metal
surface guided modes.
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2.6 Conclusions
The effects of metal cladding on a subwavelength active dielectric cylindrical waveg-
uide for nanowire lasers and micropost cavities have been calculated. The metal
cladding give rise to two classes of surface plasmon modes, the core-metal surface
guided modes and air-metal surface guided modes. The latter is less lossy compared
to the former, and they gradually become core guided modes with an increase in the
radius of the waveguide. Although air-metal surface guided modes exhibit less loss
compared to core-metal surface guided modes, the gain overlap factor of these modes
is also small. By contrast, the power concentrated in the core by core-metal surface
modes is high, but their losses are also high. Thus, both surface guided modes (or
surface plasmon modes) would require considerable pumping in order to lase, and
may not be useful in practice for this geometry.
With or without metal cladding, guided modes have maximum power concentrated
in the core. As seen from the results presented in Figs. 11, 12, 15, 16 and 17, TE01
and HE11 modes are less affected by the metal cladding, compared to other modes.
By using metal cladding with suitable thickness, the modal losses of other modes can
be increased, resulting in improved modal discrimination.
Finally, the metal cladding reduces the coupling of core-guided modes between
two or more adjacent laser elements as shown in Figs. 19 and 20.
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CHAPTER III
COMPREHENSIVE THEORY OF PLANEWAVE
EXPANSION-BASED EIGENMODE METHOD FOR
SCATTERING-MATRIX ANALYSIS OF PHOTONIC
STRUCTURES
This chapter closely follows our journal article that has been submitted and is under
review [73].
3.1 Introduction
Historically, real space approaches based on finite difference and finite element tech-
niques have been attractive candidates for designing photonic structures. This is
because of their robust and straightforward computation schemes. However, they are
generally memory-intensive and processor-intensive. On the other hand, approaches
based on modal expansion methods, such as coupled mode theory [40, 143, 79, 29, 52]
and eigenmode expansions [134, 152, 11] are faster for many problems. They [143, 79,
11] are based on discretizing the dielectric structure into a set of 1D or 2D layers along
the out-of-plane direction. Each layer is invariant in the out-of-plane direction. First,
1D/2D vectorial layer modes in each layer are calculated. Using the layer modes as
basis functions, a mode-matching analysis is carried out along the out-of-plane direc-
tion using scattering matrices to calculate the coupling coefficients. The expansion
coefficients and the in-plane vectorial modes are then used to propagate an incident
wave throughout the device, and calculate the field distribution.
One type of modal method is the planewave expansion method, which has been
extensively used to calculate scattering from diffraction gratings. A good review on
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the usage of planewave expansion for 1D gratings can be found in [40] and references
therein. The planewave expansion was extended to finite sized waveguides [79] with
lateral PML boundary conditions, and the Gibbs phenomenon was mitigated in [84,
78]. Another modal approach commonly used is the eigenmode expansion [152, 14].
A PML coating on lateral boundaries [14] reduces the lateral reflection, and hence
artificially creates a lateral open boundary condition.
The eigenmode expansion in [14] relies on numerically calculating modes from
analytically derived dispersion relations for each 2D slice in the device. This limits
the type of devices for which the method is applicable. It cannot be applied for a
problem such as designing 3D photonic crystal line defects or photonic crystal cavities.
The planewave-based modal expansion in [143, 79] is applicable for a broader range
of devices, compared to the structures with simpler (analytically solvable dispersion
relation) in-plane layers [14]. It is because, the planewave-based modal method uses
a planewave basis for numerically calculating vectorial modes in each 2D slice. This
method is also fast since the number of planewaves required is much less than the
number of grids required in real space approaches [79, 29]. One disadvantage of
planewave expansion method is it results in a non-sparse Helmholtz equation matrix,
and therefore operating with them becomes inefficient especially for large structures
like photonic crystal defect cavities. It requires large memory allocations and time
consuming operation to store, and operate on the non-sparse Helmholtz equation
matrix. For this reason, real space methods may become more attractive for large
structures.
On the other hand, the planewave expansion method for finding layer modes
can be made matrix-free in both uniform and non-uniform co-ordinates [115, 111].
This is especially useful for finding photonic crystal defect modes, as the number of
planewaves can be increased with just O(N) memory requirement and O(N log(N))
time requirement. This leads to a question: is the matrix-free planewave expansion
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method efficient for calculating layer basis modes for use in the scattering matrix
analysis of reflection and transmission from layers containing photonic crystal defect
cavities? If large number of layer eigenmodes are required to match modes at the
interfaces between 2D layers, then planewave expansion may become very inefficient,
especially for large photonic crystal defects. However, for some modes, only a limited
number of planewaves of lower orders carry most of the power in the mode, which
reduces the number of planewaves that must be used to represent the mode when
mode-matching is carried out at interfaces between layers. To help determine the
efficiency of this method, in this work photonic crystal structures both without and
with defects are considered.
In the next section, we present a theory integrating planewave expansion, eigen-
mode matching, scattering matrix theory, and round-trip operators for analyzing
photonic structures. The derivation of each of these has been carried out previously
in [143, 79, 29, 11, 52, 137, 125], but here we demonstrate their efficient integra-
tion. First, a theory of planewave expansion that uses a numerical Fourier operator
[115, 111, 60] in order to introduce automation, memory efficiency and speed efficiency
in the calculation of vectorial layer modes is presented. The matrix-free planewave
expansion method is then used in conjunction with mode-matching analysis for multi-
layered structures. Then a derivation of a round-trip operator is presented for the
calculation of 3D modes. Unlike in previous references [29, 12], the round-trip oper-
ator is used in phase space to find guided modes in photonic crystal and single mode
photonic crystal defect structures. The phase space analysis of round trip operator
gives the 3D modes in a more straightforward and easier way, than magnitude analy-
sis [29]. The theory section is followed by a verification section, in which the method
is used to reproduce the result of scattering from a photonic crystal slab, and of
calculating guided modes in a photonic crystal slab. Then, a convergence analysis is
applied for the calculation of scattering from a photonic crystal slab, a small photonic
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crystal defect slab and a large photonic crystal defect slab for stability analysis of the
method.
3.2 Theory
3.2.1 Planewave expansion of propagating, evanescent and complex modes
of 2D layers
Figure 21: A periodic structure with arbitrary dielectric profile.
A similar matrix-free Helmholtz operator has already been presented in [115, 111]
for photonic crystal fibers, which is a single-layer problem. In this work, the derived
Helmholtz equation operator is not similar to that in [115, 111], and the modes
calculated using the operator is used along with the mode-matching approach for
multi-layered structures.
Consider a 2D periodic layer of arbitrary dielectric profile as shown in Fig. 21 with
a periodicity of a, which is also the dimension of the computational domain in real
space. The following analysis is used to calculate all the propagating, evanescent, and
complex modes in the periodic structure. Even though the Fig. 21 is square lattice,
the following theory is not restricted by lattice shape.
For aperiodic structures like photonic crystal defects, the periodicity is increased
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such that the effect of periodicity is negligible, atleast for few lower order modes of
interest. Since the in-plane boundary conditions are periodic without the use of PML
[11], the method is not suitable for calculating in-plane losses. Periodic with PML
lateral boundary conditions can overcome the shortcoming [77, 50, 69].
The two Maxwell curl equations for time-harmonic fields in a source-free medium
are,
∇×H = iωǫE, ∇× E = −iωµH (12)
where ǫ = ǫ0ǫr, ǫ0 is the permittivity of free space, ǫr is the relative permittivity of
the medium under consideration, µ = µ0 is the permeability of the medium and ω is
the frequency (in radians/sec) of the electromagnetic wave.
Each 2D slice is uniform along z−direction. So, for the calculation of vectorial
Bloch modes (basis modes), ∂
∂z
= −ikz is substituted, and then we arrive at the
following form for the transverse fields [29],
−ikz
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The above two equations can be combined and expressed only in terms of magnetic
field as in (15).
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Let the magnetic field,
~H(~r) =
∑
G
(HGxxˆ+HGyyˆ +HGz zˆ)ψk+G(x, y) exp(−ikzz)
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where ψG can be an arbitrary set of orthonormal functions, representing a complete
basis [29] set. On substituting the above equation for ~H(~r) in (15), multiplying by
the conjugate of the basis function on both sides, and integrating throughout the real
space, (15) becomes,
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A11 = −
∫
Ω
ψ∗k+G′
((
∂
∂x
i
ωµ
∂
∂x
+ iωǫ
)(
∂
∂y
i
ωǫ
∂
∂y
+ iωµ
)
−
(
∂
∂x
i
ωµ
∂
∂y
)(
∂
∂x
i
ωǫ
∂
∂y
))
ψG dΩ
A12 = −
∫
Ω
ψ∗k+G′
(
−
(
∂
∂x
i
ωµ
∂
∂x
+ iωǫ
)(
∂
∂y
i
ωǫ
∂
∂x
)
+
(
∂
∂x
i
ωµ
∂
∂y
)(
∂
∂x
i
ωǫ
∂
∂x
+ iωµ
))
ψG dΩ
A21 = −
∫
Ω
ψ∗k+G′
((
∂
∂y
i
ωµ
∂
∂x
)(
∂
∂y
i
ωǫ
∂
∂y
+ iωµ
)
−
(
∂
∂y
i
ωµ
∂
∂y
+ iωǫ
)(
∂
∂x
i
ωǫ
∂
∂y
))
ψG dΩ
A22 = −
∫
Ω
ψ∗k+G′
(
−
(
∂
∂x
i
ωǫ
∂
∂y
)(
∂
∂y
i
ωǫ
∂
∂y
+ iωµ
)
+
(
∂
∂y
i
ωµ
∂
∂y
+ iωǫ
)(
∂
∂x
i
ωǫ
∂
∂x
+ iωµ
))
ψG dΩ
B =
∫
Ω
ψ∗k+G′ψk+G dΩ
The values of A11, A12, A21, A22 and B depend on the chosen basis function, ψG
and the periodic domain area, Ω.
Let ψG(~r‖) = exp(−i ~G.~r‖), where ~G = ( ~G1 + ~G2) is the reciprocal lattice vectors
of the periodic medium. If ~u1 and ~u2 represent the two in-plane real space lattice
vectors of a 2D slice, then reciprocal lattice vectors are,
~G1 = 2π
~u2 × zˆ
~u1.( ~u2 × zˆ)
(17)
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~G2 = 2π
zˆ × ~u1
~u2.(zˆ × ~u1)
(18)
and r‖ is the in-plane spatial co-ordinate. Then,
~H(~r) =
∑
G
(HGxxˆ+HGyyˆ +HGz zˆ) exp(−i ~G.~r‖) exp(−i~k.~r)
If Gx = G1x +G2x and Gy = G1y +G2y. Then, by substituting
∂
∂x
= −i(kx +Gx)
and ∂
∂y
= −i(ky +Gy), the components of A can be reduced using Fourier (FT) and
inverse Fourier (IFT) transforms to the following form,
A11 = −(kx +Gx)
2 − FT..ǫ..IFT..(ky +Gy)..FT..
1
ǫ
..
..IFT..(ky +Gy) + ω
2µ..FT..ǫ..IFT..
A12 = −(kx +Gx)(ky +Gy) +
..FT..ǫ..IFT..(ky +Gy)..FT..
1
ǫ
..IFT..(kx +Gx)..
A21 = −(ky +Gy)(kx +Gx) +
..FT..ǫ..IFT..(kx +Gx)..FT..
1
ǫ
..IFT..(ky +Gy)..
A22 = −(ky +Gy)
2 − FT..ǫ..IFT..(kx +Gx)..FT..
1
ǫ
..
..IFT..(kx +Gx) + ω
2µ..FT..ǫ..IFT..
B = δG′G
For a fixed frequency, the inputs for the operator A are the in-plane Bloch wavevec-
tors, kx and ky, permittivity and permeablity profiles, which can be arbitrary, and
frequency, ω. It has to be noted that because of the FT and IFT operators, A is
matrix-free and is always stored in the form of operator-vector products. For a uni-
form medium, off-diagonal elements are zero and the other diagonal elements take
the form, ω2ǫµ− (kx +Gx)
2 − (ky +Gy)
2 = k2z .
For a non-absorbing linear medium, the eigensolution of the operator, A yields
three kinds of modes depending on dimensions of the structure and the wavelength
of operation. They are:
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1. Propagating modes: modes with real value of out-of-plane wave-vector, kz.
2. Evanescent modes: modes with imaginary value of kz, and they do not carry
power.
3. Complex modes: modes with complex value of kz, and they always occur in
complex conjugate pairs. Together, they also do not [113, 106, 107] carry power.
Though the above formulations solve for all propagating, evanescent and complex
modes at a given frequency, they don’t guarantee the satisfaction of divergence free
condition [57], ∇. ~H = 0 (assuming µ to be constant). In order to ensure this, a
different set of basis vectors are defined. Let ~kGx = ~kx + ~Gx, ~kGy = ~ky + ~Gy, ~ktG =
~kGx + ~kGy and ~kG = ~kGx + ~kGy + ~kz, then the two polarization directions can be
defined, such that they are perpendicular to the direction of propagation, and hence
they satisfy divergence free condition similar to the analysis in [60],
~eG1 = ~kG × zˆ
= (~kGx + ~kGy + ~kz)× zˆ
= −yˆkGx + xˆkGy (19)
~eG2 = ~kG × ~kG × zˆ
= (~kGx + ~kGy + ~kz)× (−yˆkGx + xˆkGy)× zˆ
= xˆkGxkz + xˆkGykz − zˆ(k
2
Gx + k
2
Gy) (20)
With the above polarization directions as the basis functions,
~H(~r) =
∑
G
(hG1~eG1 + hG2~eG2) exp(−(~k + ~G).~r)
=
∑
G
(hG1(−yˆkGx + xˆkGy) + hG2(xˆkGxkz +
yˆkGykz − zˆ(k
2
Gx + k
2
Gy))) exp(−(
~k + ~G).~r)
=
∑
G
((hG1kGy + hG2kGxkz)xˆ+ (−hG1kGx +
hG2kGykz)yˆ − hG2(k
2
Gx + k
2
Gy)zˆ) exp(−(
~k + ~G).~r) (21)
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Using equations (16) and (21), it is straight forward to translate the problem to
the new basis vector. The new generalized eigenvalue problem will be,

 A11kGy − A12kGx A11kGx + A12kGx
A21kGy − A22kGx A21kGx + A22kGy



 hG1
kzhG2

 = k2z .

 kGy kGx
−kGx kGy



 hG1
kzhG2


(22)
The above equation can be further simplified by noting the fact that for each value
of ~G, the relation (22) should be satisfied. Therefore, the 2 × 2 matrix on the RHS
can be inverted to transform the problem into a standard eigenvalue problem, i.e.,

 kGy kGx
−kGx kGy


−1
=
1
(k2Gx + k
2
Gy)

 kGy −kGx
kGx kGy

 (23)
If k2Gt = (k
2
Gx + k
2
Gy), then the final standard eigenvalue problem is of the form,

 A
′′
11 A
′′
12
A
′′
21 A
′′
22



 hG1
kzhG2

 = k2z

 hG1
kzhG2

 (24)
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where,
A
′′
11 =
kGy
k2Gt
(k20..FT..ǫ..IFT..kGy − FT..ǫ..
IFT..kGy..FT..
1
ǫ
..IFT..k2Gt)−
kGx
k2Gt
(−k20..FT..ǫ..IFT..kGx +
FT..ǫ..IFT..kGx..FT..
1
ǫ
..IFT..k2Gt) (25)
A
′′
12 =
kGy
k2Gt
k20..FT..ǫ..IFT..kGx −
kGx
k2Gt
k20..FT..ǫIFT..kGy (26)
A
′′
21 =
kGx
k2Gt
(k20..FT..ǫ..IFT..kGy − FT..ǫ..
IFT..kGy..FT..
1
ǫ
..IFT..k2Gt) +
kGy
k2Gt
(−k20..FT..ǫ..IFT..kGx +
FT..ǫ..IFT..kGx..FT..
1
ǫ
..IFT..k2Gt) (27)
A
′′
22 =
kGx
k2Gt
(k20..FT..ǫ..IFT..kGx − kGxk
2
Gt) +
kGy
k2Gt
(k20..FT..ǫ..IFT..kGy − kGyk
2
Gt) (28)
The developed eigenvalue problem is now divergence-free and matrix-free. To
summarize, either operator, A or operator, A
′′
is used to calculate the vectorial eigen-
modes (propagating, evanescent and complex modes) in 1D/2D slices of arbitrary
dielectric structures for a given frequency and in-plane wavevectors.
A freely available non-Hermitian matrix-free eigensolver, based on Jacobi-Davidson
method [127, 36] or Arnoldi method from ARPACK [81] can be used to find the eigen-
solutions.
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Figure 22: Comparison of dispersion of a square lattice photonic crystal with MPB
package.
To verify the above formulations, the dispersion relation f Vs. kz for square
lattice holes in a dielectric was calculated, and compared with the dispersion relation
by the MPB package in Fig. 22. Though the results match, confirmation of the
validity of evanescent modes was not possible since MPB works only for propagating
modes. However, further indirect validation of the calculation of all modes was done
by matching the results of reflection and transmission with a previously published
result [32], and is presented in the next section.
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Figure 23: The spatial distribution of |Ez| for first four modes at an arbitrary
frequency and normal incidence. The top two modes are propagating and the bottom
two are evanesecent.
The spatial distribution of |Ez| for first four modes in a triangular photonic crystal
formed by holes in a dielectric is shown in Fig. 23 for an arbitrary frequency and
normal incidence. In the figure, only the first two modes are propagating and the
other two are evanescent.
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Figure 24: The dispersion of a slab waveguide using planewave expansion.
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In Fig. 24, dispersion of an aperiodic slab waveguide is shown. Considering the
slab to be a periodic medium with large periodicity (also known as a supercell), all
propagating and a few evanescent modes are calculated. The slab is made of GaAs
with a refractive index of 3.6 and is placed in air. The slab width is 0.4µm and is
placed in a periodic cell of width 5µm and 256 planewaves were used for calculation.
It gives a clear picture of the modal spectrum that would be further used as basis
functions in mode-matching. Though the radiation mode spectrum is continuous,
assuming that the coupling occurs to a few discrete radiation modes and all guided
modes, the basis functions used for the mode-matching analysis are limited.
3.2.2 Scattering matrix analysis along the out-of-plane direction
Figure 25: The layer-by-layer scheme of photonic structure for scattering matrix
analysis.
The scattering matrix [83, 79, 14, 143, 137] method is a well-known stable method
for calculating transmission and reflection at arbitary layer interfaces. The modes
in each 2D slice, calculated as described in the previous section is built as a modal
matrix composed of eigenvectors using a limited number of lower order planewave
coefficients. For example, if N planewaves are used to calculate 2D slice modes, then
only n (<< N) eigensolutions (modes) are calculated, and n/2 planewave coefficients
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are used to build the modal matrix in each 2D slice. The modal matrix for a layer is
represented as follows [143],
M =


E
(even)+
Gx E
(odd)+
Gx E
(even)−
Gx E
(odd)−
Gx
E
(even)+
Gy E
(odd)+
Gy E
(even)−
Gy E
(odd)−
Gy
H
(even)+
Gx H
(odd)+
Gx H
(even)−
Gx H
(odd)−
Gx
H
(even)+
Gy H
(odd)+
Gy H
(even)−
Gy H
(odd)−
Gy


(29)
The planewave coefficients of all, even and odd modes are listed along columns
using a limited number of planewaves. The + and − superscripts indicate forward
and backward propagating modes. The size of the modal matrix is 2n× 2n. At any
(p− 1)th interface, the modal matrix satisfies the following relations,

 t
p
rp

 =M−1p Mp−1

 t
(p−1)+
r(p−1)+

 =

 T
p,(p−1)
11 T
p,(p−1)
12
T
p,(p−1)
21 T
p,(p−1)
22



 t
(p−1)+
r(p−1)+

 (30)

 t
(p−1)+
r(p−1)+

 =M−1p−1Mp

 t
p
rp

 =

 T
(p−1),p
11 T
(p−1),p
12
T
(p−1),p
21 T
(p−1),p
22



 t
p
rp

 (31)
where r and t are the amplitudes of forward and backward propagating modes in each
layer, as shown in Fig. 25.
It is not necessary to take inner products in real space as it is usually done in real-
space based mode-matching methods [152, 11]. Due to orthonormality of planewave
basis set, only a modal matrix inversion and multiplication suffices to enforce the
mode-matching condition at the interface. However, since the modal matrix is an
approximation of the exact modes (in non-uniform layers), it does not have a full
rank. So for a stable inversion of the modal matrix, singular value decomposition
(svd) was used. From equations 30 and 31, the following expressions can be derived,
tp = (I − T
p,(p−1)
12 T
(p−1),p
21 )
−1(T
p,(p−1)
11 t
(p−1)+ + T
p,(p−1)
12 T
(p−1),p
22 r
p) (32)
r(p−1)+ = (I − T
(p−1),p
21 T
p,(p−1)
12 )
−1(T
(p−1),p
21 T
p,(p−1)
11 t
(p−1)+ + T
(p−1),p
22 r
p) (33)
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Let P p represent propagation matrix [143] in which its diagonal elements are
exponential functions representing the propagation of modes. Then tp+ = P ptp and
rp = P prp+ and using equations (19), (20) and propagation matrix, the scattering
matrix between pth and (p− 1)th layers, S(p−1),p is built as follows,
S
(p−1),p
11 = P
p(I − T
p,(p−1)
12 T
(p−1),p
21 )
−1T
p,(p−1)
11 (34)
S
(p−1),p
12 = P
p(I − T
p,(p−1)
12 T
(p−1),p
21 )
−1T
p,(p−1)
12 T
(p−1),p
22 (35)
S
(p−1),p
21 = (I − T
(p−1),p
21 T
p,(p−1)
12 )
−1T
(p−1),p
21 T
p,(p−1)
11 (36)
S
(p−1),p
22 = (I − T
(p−1),p
21 T
p,(p−1)
12 )
−1T
(p−1),p
22 (37)
Therefore if, 
 t
p+
r(p−1)+

 =

 S
(p−1),p
11 S
(p−1),p
12
S
(p−1),p
21 S
(p−1),p
22



 t
(p−1)+
rp+

 (38)
The scattering matrix representing all p layers can then be derived iteratively as
shown in the following steps if the scattering matrix, S1,(p−1) between 1st and (p−1)th
layers is known. If,
 t
(p−1)+
rI+

 =

 S
1,(p−1)
11 S
1,(p−1)
12
S
1,(p−1)
21 S
1,(p−1)
22



 t
I+
r(p−1)+

 (39)
then from equations 38 and 39,
t(p−1)+ = (I − S
1,(p−1)
12 S
(p−1),p
21 )
−1(S
1,(p−1)
11 t
I+ + S
1,(p−1)
12 S
(p−1),p
22 r
p+) (40)
r(p−1)+ = (I − S
(p−1),p
21 S
1,(p−1)
12 )
−1(S
1,(p−1)
11 t
I+ + S
(p−1),p
22 r
p+) (41)
Using equation 38 and equation 39,
tp+ = S
(p−1),p
11 (I − S
1,(p−1)
12 S
(p−1),p
21 )
−1S
1,(p−1)
11 t
I+ +
(S
(p−1),p
11 (I − S
1,(p−1)
12 S
(p−1),p
21 )
−1S
1,(p−1)
12 S
(p−1),p
22 + S
(p−1),p
12 )r
p+ (42)
rI+ = (S
1,(p−1)
21 + S
1,(p−1)
22 (I − S
(p−1),p
21 S
1,(p−1)
12 )
−1S
1,(p−1)
11 )t
I+ +
S
(p−1),p
22 (I − S
(p−1),p
21 S
1,(p−1)
12 )
−1S
(p−1),p
22 r
p+ (43)
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Therefore, if the scattering matrix for (p−1) layers, S1,(p−1) and between (p−1)th
and pth interface, S(p−1),p are known, then the scattering matrix for p layers, S1,p can
be constructed as [143],
S1,p11 = S
(p−1),p
11 (I − S
1,(p−1)
12 S
(p−1),p
21 )
−1S
1,(p−1)
11 (44)
S1,p12 = S
(p−1),p
11 (I − S
1,(p−1)
12 S
(p−1),p
21 )
−1S
1,(p−1)
12 S
(p−1),p
22 + S
(p−1),p
12 (45)
S1,p21 = S
1,(p−1)
21 + S
1,(p−1)
22 (I − S
(p−1),p
21 S
1,(p−1)
12 )
−1S
(p−1),p
21 S
1,(p−1)
11 (46)
S1,p22 = S
1,(p−1)
22 (I − S
(p−1),p
21 S
1,(p−1)
12 )
−1S
(p−1),p
22 (47)
For calculating tp and rp co-efficients [11], if,
 t
p
rI+

 =

 S
b
11 S
b
12
Sb21 S
b
22



 t
I+
rp

 ,

 t
N
rp

 =

 S
f
11 S
f
12
Sf21 S
f
22



 t
p
rN

 (48)
then,
tp = (I − Sb12S
f
21)
−1Sb11t
I (49)
rp = Sf21(I − S
b
12S
f
21)
−1Sb11t
I (50)
3.2.3 Round-trip operator
If guided modes formed in the pth layer are to be calculated, then incoming fields,
tI+ = rN = 0. A round-trip operator representing the forward and backward propa-
gation of mode in the pth layer can be derived as follows,
rp = Sf21t
p (51)
tp = Sb12r
p (52)
⇒
rp = Sf21S
b
12r
p (53)
Therefore round-trip operator, Rtrip = eig(S
f
21S
b
12). The eigenvalues equal to 1
denote guided mode and eigenvalues less than 1 correspond to leaky modes. It is
46
easier to search for guided and leaky modes in phase space than magnitude space
as in [29]. More details regarding the calculation of 3D modes in phase space are
presented in the next section.
3.3 Verification
To verify the results of our solver, a scattering problem and a confinement problem
are considered. Both problems have already been solved in [32] and [125, 29]. We
reproduce the results using our planewave expansion-based eigenmode method for
verification purposes.
3.3.1 Scattering problem
Figure 26: Scattering by a photonic crystal slab with a relative permittivity of 12
and with periodic air-holes arranged in square lattice. The periodicity of holes is a,
thickness of the slab is 0.5a, and the radius of the air holes is 0.2a.
An s-polarized field in air is scattered by a photonic crystal slab, which has a relative
permittivity of 12 with air holes etched in it. The holes have a periodicity of a
and thickness of the slab is 0.5a. The incident field has an in-plane wavevector,
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~kt = xˆ(0.2× 2π/a).
¿From Fig. 26, the results match with Fig. 7 in [32]. In [32], finite difference
method was used for the calculation. In our calculation, N = 24 × 24 planewaves
were used to find the eigenmodes and n = 50 eigensolutions were used to match
modes between layers.
3.3.2 Confinement problem
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Figure 27: Phase variation of eigenvalues of lossless modes as a function of frequency
for a fixed in-plane wavevector, ~kt = xˆ(0.25× π/a).
The round-trip operator derived in previous section is used to calculate the guided
modes in a photonic crystal slab. The results have been presented in [125] and [29].
Instead of magnitude analysis of the eigenvalues as in [29] for finding the modes in
photonic crystal slab, a phase analysis of eigenmodes are used. For guided modes,
the eigenvalue of the round-trip operator becomes equal to 1, and for leaky-modes,
it is less than 1. However in either case the phase of eigenvalues of the round-trip
operator corresponding to the photonic crystal slab mode becomes 0. Fig. 27 shows
the variation of phase as a function of frequency for a fixed in-plane wavevector of
~kt = xˆ(0.25× π/a). The phase of the eigenvalues has a smooth variation and, due to
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which any root-finding algorithm can easily calculate the modes. However as shown
in Fig. 2 of [29], magnitude variation is abrupt and hence frequency must be finely
discretized for calculating modes.
Figure 28: Convergence analysis of first two modes in a photonic crystal slab with
refractive index, 3.5 with air holes in it. The air-holes are arranged in square lattice.
The thickness of the slab is 0.6a with periodicity and radius of air-holes, a and 0.3a
respectively.
The convergence analysis of first two guided modes as a function of number of
modes is shown in Fig. 28. The number of planewaves was fixed at, N = 24× 24. In
[125] and [29], convergence analysis of odd modes are provided and the result matches
with that in Fig. 28. The considered photonic crystal slab has a refractive index of
3.5 with air holes etched in it. The periodicity and radius of air-holes are a and
r = 0.3a respectively.
3.4 Example problems
In this section, the applicability of planewave expansion for structures with extreme
dimensions with respect to the wavelength is examined. Photonic crystals and small
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photonic crystal defects have dimensions, comparable to the wavelength of operation.
On the other hand, photonic crystal-based VCSELs or photonic crystal fibers are
much larger than the wavelength of operation. So, using a photonic crystal slab, small
photonic crystal defect slab and a large photonic crystal defect slab as examples, the
dependance of mode-matching on the number of basis modes (and the number of
planewaves) is shown through convergence analysis. Also, the photonic crystal defect
slabs suspended in air may be considered as benchmark structures, because they
match an infinitely extended mode in the uniform medium to confined mode in the
slab and then again match confined mode to infinitely extended mode in the uniform
medium. So if the method can solve for scattering by photonic crystal defect slabs,
then it should theoretically be possible for extending it to arbitrary multi-layered
photonic crystal structures.
3.4.1 Photonic crystal slab
Figure 29: Scattering of s-polarized light by a photonic crystal slab with a relative
permittivity of 12 with periodic air-holes arranged in triangle lattice. The periodicity
of holes is a, thickness of the slab is 0.5a and the radius of the air holes is 0.2a.
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Figure 30: Convergence analysis of transmission of the photonic crystal slab for a
normally incident s-polarized field, at a normalized frequency, 0.35. It can be seen
that though the number of planewaves for eigenmode expansion is large, the number
of modes required for mode-matching is much less.
The transmission spectrum of normally incident s-polarized planewave through a
photonic crystal slab with relative permittivity, 12 having air holes arranged in tri-
angular lattice was calculated. The periodicity and radius of air-holes are, a and 0.2a
respectively, and the thickness of the layer is 0.5a. As seen in Fig.29, a guided mode
resonance can be observed. For the calculation, N = 16 × 32 planewaves for eigen-
mode expansion and n = 50 modes for mode-matching were used. The convergence
analysis at a normalized frequency of 0.35 as a function of both number of planewaves
for eigenmode calculation and number of modes for mode-matching is presented in
Fig. 30.
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3.4.2 Small photonic crystal defect slab
Figure 31: Scattering of normally incident s-polarized light by a single-point small
photonic crystal defect slab with a relative permittivity of 12 with periodic air-holes
arranged in triangle lattice. The periodicity of holes is a, thickness of the slab is 0.5a
and the radius of the air holes is 0.2a.
For these simulations, all structural properties are same as that of the triangular
lattice photonic crystal used in previous subsection, and also the normally incident
light is s-polarized. The number of planewaves, N = 36× 72 and number of modes,
n = 226 modes were used.
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Figure 32: Convergence analysis of transmission of a small photonic crystal defect
slab for for normally incident s-polarized field at a normalized frequency, 0.35. Though
the convergence is not very stable, it oscillates around a relatively small error.
The missing hole did not greatly alter the transmission spectrum as compared
to Fig. 29, except around the guided mode frequency point, where multiple modes
associated with the defect appear. The simulation cell size was three times greater
on a side than that used for photonic crystal slab. So the number of modes required
was also greatly increased to observe the guided mode resonance. The convergence
analysis, shown in Fig. 32 is not very stable, though the error indicated by the
oscillations is relatively small.
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Figure 33: Comparison of transmission of a photonic crystal slab and photonic
crystal defect slab with cell size equal to 3× 3 periods, when 36× 72 planewaves and
236 modes were used.
Since the convergence was not stable, another numerical experiment was per-
formed in order to confirm the results. The defect was removed and a photonic
crystal slab with the larger unit cell (but physically identical to the photonic crystal
slab from previous section) was simulated using N = 36×72 planewaves and n = 236
modes. The transmission spectrum with defect, without defect, and without defect,
but with the larger unit cell are compared in Fig. 33. The transmission spectrum
of the large and single cell photonic crystal slab are in good agreement, as expected.
Although the number of modes is greatly increased, note that the number of modes
used is much less than the number of planewaves.
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3.4.3 Large photonic crystal defect slab
Figure 34: Scattering of s-polarized light by a single-point large photonic crystal
defect slab with a relative permittivity of 12, and with periodic air-holes arranged in
triangle lattice. The periodicity of holes is a, thickness of the slab is 0.0125a, and the
radius of the air holes is 0.3a.
A large photonic crystal defect is typically used in photonic crystal defect-based
VCSELs [150, 28, 38] and photonic crystal fibers [16, 69]. The size of the structure
is large compared to the wavelength of light, due to which all basis modes used for
mode-matching analysis are guided. So the structure approximately behaves as a
uniform medium. The smooth scattering properties as shown in Fig. 34 confirm the
approximate uniform medium behavior of the structure.
55
400 420 440 460 480 500 520 540 560 580
0.294
0.295
0.296
0.297
0.298
0.299
0.3
0.301
0.302
0.303
0.304
0.305
0.306
Tr
an
sm
is
si
on
, T
Number of modes, n
N = 48×60
N = 72×80
N = 96×120
Figure 35: Convergence analysis of transmission of a large photonic crystal defect
slab for normally incident s-polarized field at a normalized frequency, 4.0816. The
large size of the structure compared to the wavelength of operation yields good con-
vergence property.
Two structural differences compared to the small photonic crystal defect slab
are the radius of airholes, r = 0.3a and the thickness of the structure is 0.0125a
[150, 28, 38]. The incident light is s-polarized, and the direction of incidence is
normal to the structure. The calculations were done using, N = 48× 60 planewaves
and n = 450 modes. The convergence properties of the structure are good, as shown
in Fig. 35. For small number of planewaves (N = 48×60), permittivity of the medium
is discritized at small number of points (equal to the number of planewaves). So Gibbs
phenomenon prevents from achieving stability in the convergence, as the number of
modes is increased. However, for large number of planewaves (N = 96× 120), better
stibility in convergence is achieved with the increase in the number of modes.
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3.5 Discussion on efficiency
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Figure 36: Time scaling as a function of planewaves for fixed number of Bloch
modes, and as a function of Bloch modes for a fixed number of planewaves, for the
calculation of scattering through a photonic crystal slab.
Two tests are performed to see the time-scaling and memory-scaling of planewave-
based eigenmode matching method. In the first test, number of Bloch modes were
fixed, and number of planewaves were increased to calculate the transmission through
the photonic crystal slab. In the second test, the number of planewaves were fixed,
and the number of Bloch modes were increased. Clearly the rate of time scaling is
much higher as the number of Bloch modes are increased, as shown in Fig. 36.
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Figure 37: Memory scaling as a function of planewaves for fixed number of Bloch
modes, and as a function of Bloch modes for a fixed number of planewaves, for the
calculation of scattering through a photonic crystal slab.
To assess the memory scaling, if N represents the number of planewaves and n
represents the number of Bloch modes used, then the matrix-free eigenvalue problem
requires storage for atleast 2N × n elements and the modal matrix, M in each layer
requires storage for atleast, 2n× 2n elements. So a memory factor, MF = 2N × n+
2n × 2n, which is the minimum storage space required, can be defined. The rate of
memory scaling is also much higher as the number of Bloch modes are increased as
shown in Fig. 37.
3.6 Conclusions
In this chapter, a complete theory of planewave expansion method for arbitrary pho-
tonic structures is reviewed and presented in a memory and speed efficient manner.
The theory presented utilizes two main advantages of planewave expansion. They
are:
1. The operator can be made matrix-free and uses a Fourier operator directly for
the calculation of 2D slice modes. Hence the memory requirement is O(N) and
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speed achieved is O(N log(N)).
2. Most of the power is concentrated in a few lower order planewaves. So, only
a few lower order modes and planewaves are enough for mode-matching analy-
sis unlike in real-space based mode-matching analysis [152, 11], in which entire
mode spread is required for inner product calculation in mode-matching analy-
sis.
To show the balance between the number of modes (number of eigensolutions)
and the total number of planewaves (total number of grids) used in the calculation,
convergence analysis is carried for various example problems. The photonic crystal
slab resulted in the expected guided mode resonances. The small photonic crystal
defect with sub-micron-scale, that typically has applications in photonic crystal-based
components, showed a strong oscillation of transmission spectrum around guided res-
onance point because of the defect. The large photonic crystal defect layer, that
typically has application in photonic crystal fibers, photonic crystal defect-based VC-
SELs etc., behaved as an uniform medium. So, a smooth transmission spectrum was
obtained. Finally, through the convergence analysis, it is shown that compared to the
total number of planewaves, the number of modes required for mode-matching anal-
ysis is much smaller and hence the method is efficient for many photonic structures.
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CHAPTER IV
ROBUST AND OPTIMUM DESIGNS OF
NON-LINEARLY TAPERED SLOW LIGHT COUPLERS
This chapter and the next chapter present two applications of the Fourier modal
method. In this chapter, extrinsic losses due to fabrication errors in photonic crystal-
based waveguides are evaluated and robust design concepts for photonic crystal-based
devices are introduced. The chapter closely follows our accepted paper [75].
4.1 Introduction
Slow light waveguides offer superior optical processing capability because they en-
hance light-material interaction. However, direct coupling of light from a conven-
tional waveguide to a slow light waveguide is known to result in a large impedance
mismatch [59, 117]. Various researchers have addressed the problem of coupling of
light into slow light waveguides in the form of both, butt coupling [13, 19, 59, 62, 77]
and evanescent coupling [6]. Slow light occurs in the flat-band regime of the disper-
sion of the periodic waveguide, making the scattering losses higher [54]. So a coupler
is required to efficiently match the impedance between a conventional waveguide and
a periodic waveguide. The most important functionality of the coupler is to ensure
that the light enters the coupler in the linear dispersion regime, and as the light prop-
agates, the linear dispersion regime adiabatically transforms into the flat dispersion
regime [5] at the periodic waveguide end. The adiabatic variation [59, 62, 117] of the
dispersion properties of light in the coupler can either be linear or non-linear.
Various types of coupler are investigated theoretically in both, time-domain [19]
and frequency-domain [13, 59, 62, 87] approaches by various research groups. For
60
example in [59, 54], a simple linear taper is designed and in [62], a non-linearly
tapered photonic crystal coupler is designed by varying the profile parameter and
searching for an optimum profile. There are many more coupler designs explored in
the literature [6, 19, 31, 45, 46, 87, 92, 116, 118, 135, 153]. In all the referred works,
the optimal set of parameters that result in best coupling are obtained. However,
optimal solutions are often sensitive to fabrication errors [121, 93, 49, 105, 42, 61, 67].
The designed couplers are fabricated using e-beam lithography, since their features
have sub-micron dimension, and hence are not free of fabrication errors. The optimum
coupling, then may be impossible to achieve in practice.
It is clearly demonstrated in [49] that, extrinsic losses due to fabrication errors
are equally important as intrinsic losses in the design of nano-scale devices. So in
recent years, the extrinsic losses due to fabrication uncertainties are addressed for
photonic crystals. For example in [105] and [42], extrinsic losses in photonic crystal
waveguides due to positional and structural uncertainties are compared, between
experimental and theoretical results. It is found that near the band edge, reflection
losses increases because of random and local shifts of band edges [105]. Below light
line, extrinsic losses increases quadratically with disorder parameter [42]. The effect
of surface roughness in photonic crystal waveguides is studied in [61]. In [67], both
structural and positional uncertainties are considered to model extinction lengths as
a function of magnitude of variations. The predicted extinction lengths are matched
with experimental results. In [35], the effect of disorder induced radiation losses are
investigated. In summary, the design of wavelength-scale devices based on photonic
crystals requires accounting for fabrication disorders for real-world applications.
In this work, a planewave-based modal approach [72, 73, 126, 52] is used to assess
the coupling properties of the coupler in presence of structural fabrication uncertain-
ties. In addition to finding an optimum solution that results in the best possible
coupling, we search for more robust solutions that result in a combination of good
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coupling and low transmission uncertainty, in presence of fabrication uncertainties.
The robust design, then, meets two criteria. They are:
1. The designed parameters result in good device performance.
2. The variation in the response of the device is minimal with respect to manufac-
turing/fabrication uncertainties.
Two example structures are considered for the purposes of this paper. They are, a
tapered grated coupler and a photonic crystal coupler. Two coupler parameters are
considered for the design of periodic couplers: the coupler profile parameter and the
length of the coupler. The transmission through the coupler is considered to be the
design response. An optimum design of the coupler is first obtained by varying the
profile parameter and length of the coupler. The set of parameters for which the
transmission is maximized gives the optimum solution for the coupler. To obtain a
more robust design of the coupler, a statistical analysis of the device is performed.
It is accomplished by introducing random variations with fixed standard deviation to
both design variables in each period of the coupler. Different structures are then ran-
domly generated, and tested. After repeating this process many times, the mean and
standard deviation of transmission are calculated. The set of design parameters that
result in small standard deviation, and simultaneously a large average transmission
yields a more robust solution [122, 93] for the coupler.
The simulations presented in this paper are carried out using a 2D planewave-
based modal method [72, 73, 126, 52]. In this approach, the device is sliced into
layers along the propagation (z) direction. Each layer is uniform along the z direction.
Using the planewave expansion technique, the propagating and evanescent modes of
each layer are obtained numerically, assuming a periodic supercell in the direction
perpendicular to the direction of propagation (x). Following this, a scattering matrix
method is used to match modes at the interfaces between the layers, and obtain the
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reflection and transmission. More details can be found elsewhere [72, 73, 126, 52]. The
simulation domain in each case is terminated with a semi-infinite slow-light waveguide,
which is achieved numerically by projecting the fields in the last layer onto the basis
set of outgoing Bloch waves. This is done to avoid resonances associated with the
finite length of the slow-light waveguide. The boundary condition was tested to verify
that adding additional layers to the semi-infinite slow-light waveguide does not affect
the transmission.
4.2 Tapered grated coupler
Figure 38: Tapered grated coupler that couples light from a conventional waveguide
to a grated waveguide.
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Periodic double-grated waveguides may be used for slow light applications [117]. A
tapered grated coupler matches the impedances of a grated waveguide and a con-
ventional waveguide adiabatically. The tapered grated coupler is shown in Fig. 38.
The parameter a(α, z) = (d1 + d2(α, z)) represents the periodicity, where d1 is a con-
stant and d2(α, z) depends on the profile parameter, α. The periodicity, a(α, z) is a
non-linear function given in [62],
a(α, z) = ai + (ai − ao)((1− (z/L))
α − 1) (54)
where ai and ao are periodicities at two ends of the coupler, the parameter α introduces
non-linearity in the profile, so that α = 1 gives a linear taper, L is the length of the
taper in units of integer total number of periods and z is a variable along the length
of coupler in integer number of periods. The variation of the periodicity, a(α, z) along
the length of coupler for different profile parameters is as shown in Fig. 39.
4.2.1 Dispersion diagram
Figure 40: Band diagram of the grated waveguide when d1 = 0.07µm, d2 = 0.21µm,
b1 = 0.15µm and b2 = 0.3µm for TE polarization.
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Figure 41: Transmission at the conventional waveguide-grated waveguide interface.
The vertical dashed line indicates our chosen slow-light operational frequency.
The dispersion diagram of the double-grated waveguide with a fixed periodicity, a
into which the light is transmitted is shown in Fig. 40. It should be noted from
Fig. 40 that at the frequency indicated by the dashed line, the grated waveguide
exhibits single-mode operation. Transmission goes to zero at the band edge, and for
slow waveguide operation, the frequency of interest should be as close as possible to
the band edge. However the closer the frequency is to the band edge, the worse the
transmission becomes. So a coupler that can match the impedance of the conventional
and periodic waveguides is essential. In the absence of a coupler, the transmission
into the double grated waveguide from a conventional waveguide is shown in Fig. 41.
The vertical dashed line indicates our chosen slow-light operational frequency.
4.2.2 Optimum coupler design
First, it is noted that the wavelength of interest lies in the linear dispersion regime
when periodicity, a = 0.24µm and it falls in the flat dispersion regime when peri-
odicity, a = 0.28µm. So the coupler periodicity is varied from 0.24µm to 0.28µm
non-linearly based on the value of the parameter, α.
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Figure 42: Transmission as a function of the profile parameter α and the length of
the coupler L at slow light wavelength. The triangular dot in the plot indicates the
optimum design point in the design space for the tapered grated coupler.
One straight forward way of designing a coupler is to search throughout the space
of design variables for the best transmission. In this work, the profile parameter, α
and the length of the coupler, L in the form of number of periods were considered as
design variables. From the dispersion diagram, a normalized frequency of 0.1806 was
assumed to be the slow light frequency. The 2D contour plot of transmission at the
slow light frequency as function of both variables is plotted in Fig. 42.
It can be seen from Fig. 39 that as the value of α becomes either much larger
or much smaller than α = 1, the coupler can be split into a fast-varying part and a
slow-varying part. When α << 1, the slow-varying part is in the linear dispersion
regime. Effectively it is a non-adiabatic coupler between a periodic waveguide in the
linear dispersion regime and a periodic waveguide in the flat dispersion regime. The
result of this is a strongly oscillating variation of transmission as a function of number
of periods due to longitudinal resonances in the coupler.
When α >> 1, the slow-varying part is in flat dispersion regime, and hence
the longitudinal resonances are widely separated. For a large number of periods,
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the coupler is adiabatically coupling the conventional waveguide mode to the grated
waveguide mode.
The maximum transmission point is then searched for throughout the design space
to obtain the optimum solution. The length of the coupler is constained to less than
or equal to 20 periods. The optimum design yielded a transmission, T = 0.8742 when
α = 5 with length of the coupler equal to 20 periods.
4.2.3 Robust coupler design
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Figure 43: Randomly generated d2(α, z) is used to generate different structures from
which average transmission and standard deviation of transmission are extracted.
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Figure 44: Average transmission (left plot) and standard deviation of transmission
as a function of the profile parameter, α and the length of the coupler, L. The
triangular dot in the plot indicates a more robust design point in the design space for
the tapered grated coupler.
Based on [145], a uniformly distributed uncertainty of 4% (+/− 2%) is introduced to
both d1 and d2(α, z) in each period of the coupler. Transmission through the coupler
is calculated as a function of α and L many times for randomly generated d2(α, z)
functions as shown in Fig. 43. The distribution of transmission for each value of α
and L gave an average and standard deviation of the transmission. They are shown
in Fig. 44 for up to 20 periods of coupler length. The calculations are done using 20
sample structures. Fig. 42 and the average transmission plot in Fig. 44 share certain
features. Note that the standard deviation increases with an increase in the number
of periods (or length of the coupler) and especially for α >> 1, when the coupler
has a long slow varying part in the flat dispersion regime. Clearly, uncertainties
in the slowly varying part in the flat dispersion regime randomizes the longitudinal
resonances causing a high standard deviation. For α << 1, the slowly varying part
is in the linear dispersion regime, and hence does not lead to much fluctuation in
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the transmission, leading to a relatively small increase in the standard deviation
with the number of periods. An overall increase in length gradually increases the
standard deviation. So adiabatic couplers [59, 117] may not be good for coupling
to grated waveguides if the design is prone to manufacturing uncertainties, instead
non-adiabatic couplers [87] might be more robust.
To calculate a more robust solution relative to the optimum solution obtained
above, the following criteria are used: the standard deviation is constrained to be less
than 0.05, the taper length is constrained to be less than or equal to 20 periods, and
the maximum average transmission satisfying these constraints is found. A robust
design is then obtained to be, α = 0.8 with 15 periods. This design has a standard
deviation of 0.0208 in the transmission, and an average transmission of 0.8083. For
the optimum design solution, the standard deviation is 0.1367, roughly six times that
of robust design solution.
Table 2: Robust solutions for tapered grated coupler.
Constraint Design space Standard deviation Average Transmission
No. of periods α σ Tavg
σ < 0.01 4 0.1 0.0072 0.6800
σ < 0.03 15 0.8 0.0208 0.8083
σ < 0.05 17 1 0.0302 0.8225
σ < 0.07 14 3 0.0577 0.8507
Several solutions corresponding to varying constraints on the standard deviation
are given in Table. 2.
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4.3 Photonic crystal coupler
Figure 45: Photonic crystal coupler that couples light from a conventional waveguide
to a photonic crystal waveguide.
It is well known that the periodically etched holes in photonic crystal waveguides
can be designed to obtain slow light. Again, a tapered photonic crystal coupler is
necessary in order to match the impedance of conventional index-guided waveguide
modes to band-gap guided photonic crystal defect modes [4]. The photonic crystal
considered is a high refractive index medium with air holes in it as shown in Fig. 45.
An effective index of the medium is considered to be 2.811 to reduce the problem from
3D to 2D similar to that in [4]. The air hole radius, r(α, z) varies along the length of
the coupler, and L is the length of the coupler. The periodicity of the coupler, a is
kept constant along the length.
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4.3.1 Dispersion diagram
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Figure 46: Dispersion diagram of the photonic crystal waveguide with periodicity,
a, radius of air-holes, r = 0.3a for TM polarization.
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Figure 47: Transmission at the conventional waveguide - photonic crystal waveguide
interface.
A defect etched in the crystal gives rise to odd and even band gap guided modes
[1]. Photonic crystals can be designed such that within the band gap region, just a
single-mode exists [1]. Fig. 46 gives the dispersion relation of the waveguide with a
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fixed periodicity, a into which the light is transmitted. Note that at the band edge,
the dispersion relation becomes flat indicating the slow light region. The transmission
spectrum from a slab waveguide to the photonic crystal waveguide without using a
coupler is shown in Fig. 47. A normalized frequency, 0.2663 is considered to be the
slow light frequency.
4.3.2 Optimum coupler design
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Figure 48: Transmission as a function of the profile parameter α and the length of
the photonic crystal coupler L. The triangular dot in the plot indicates the optimum
solution in the design space for the photonic crystal coupler.
Similar to the tapered grated coupler design, an optimal parameter search for the
best coupling is performed for photonic crystal couplers. It is first found that the
slow light frequency lies in the flat band regime for air hole radius of r = 0.3a, and
the same operating frequency is in the linear dispersion regime for air hole radius of
r = 0.22a. So in the design of the photonic crystal coupler, the radius of air holes
is varied from 0.22a to 0.3a depending on the profile parameter, α, with the same
functional dependence as used for the grated waveguide coupler given above.
The contour plot of transmission at slow light frequency is as shown in Fig. 48.
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Unlike the tapered grated waveguide, for all values of α as the number of periods
in the periodic coupler is increased, the transmission spectrum around the slow light
frequency became sharper, and hence the coupler yielded good transmission proper-
ties. When α << 1, the slowly varying part in the linear dispersion regime provides a
means to match the impedance of the index guided waveguide mode to band guided
modes, even with a small number of periods. Since the modes have no escape route
laterally due to the photonic bandgap surrounding the waveguide, the transmission
becomes larger with an increase in the number of periods. However for α >> 1, the
required length of the coupler for high transmission will be longer compared to that
for α << 1, since it has a long slowly varying flat dispersion region.
In general, the photonic crystal coupler showed better transmission characteristics
than tapered grated coupler probably because of reduced lateral scattering. For the
optimum solution, the length of the coupler is constrained to 10 periods; the maximum
transmission point, T = 0.9121 occured for α = 0.9 and 10 periods.
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4.3.3 Robust coupler design
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Figure 49: Average transmission (left plot) and standard deviation of transmission
as a function of profile parameter α and the length of the photonic crystal coupler L.
The trianglular dot in the plot indicates a robust design solution in the design space
for the photonic crystal coupler.
Again an uniformly distributed uncertainty of 4% in air hole radius [145] in each
period is introduced. The average and standard deviation plots of transmission at
the slow light frequency are shown in Fig. 49. For α << 1, the effect of uncertainty
is negligible, but for α >> 1, the uncertainty in the slowly varying flat dispersion
region randomizes the mode pattern in the coupler, and hence increases the standard
deviation similarly to the tapered grated waveguide. So in order for structure to be
more robust to uncertainties, design variables should be again chosen from α <= 1.
Also it is noted that photonic crystal couplers are more robust to uncertainties
than the tapered grated coupler as demonstrated by the standard deviation plots.
With the constraint on the number of periods to be less than or equal to 10, and a
constraint on the standard deviation of less than 0.002, a robust design is obtained
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to be α = 0.3 with 6 periods, and it gives an average transmission of T = 0.9027
and a standard deviation of 0.0015. The optimum design had a standard deviation
of 0.0036.
Table 3: Robust design solutions for photonic crystal coupler.
Constraint Design space Standard deviation Average Transmission
No. of periods α σ Tavg
σ < 0.002 6 0.3 0.0015 0.9027
σ < 0.004 8 0.1 0.0029 0.9071
σ < 0.006 10 0.7 0.0053 0.9086
Several solutions corresponding to varying constraints on the standard deviation
are given in Table. 3.
4.4 Conclusion
In this work, two design methodologies for periodic couplers are presented. The
optimum design methodology is to search for parameters in the design space, that
yield the best performance of the coupler. This design methodology is commonly used,
and assumes that the designed structure is free of any fabrication errors. On the other
hand, a robust design is a point in the design space that yields coupler parameters
which perform well even in presence of uncertainties. For both couplers studied, the
impact of uncertainty on the transmission increases with an increase in length of the
slowly-varying region in the flat dispersion regime. So both couplers performed well
for α <= 1. The optimum design of tapered grated coupler required 20 periods and
showed a standard deviation of 0.1357 and a transmission, T = 0.8742 for α = 5, but
the robust design required 15 periods and showed a standard deviation of 0.0208 and
an average transmission, T = 0.8083 for α = 0.8. On the other hand, the optimum
design of photonic crystal coupler required 10 periods and had a standard deviation,
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0.0036 and transmission, T = 0.9121 for α = 0.8, but the robust design required 6
periods and had a standard deviation, 0.0015 with an average transmission, 0.9027
for α = 0.3. In summary, a short coupler with long slowly-varying region in the linear
dispersion regime is more robust to uncertainties. Any photonic crystal-based device
can be considered to have a flat dispersion regime and a linear dispersion regime. So
the design concept may be extended to any photonic crystal based device.
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CHAPTER V
MODAL DISCRIMINATION PROPERTIES OF
PHOTONIC CRYSTAL DEFECT DBRS
5.1 Introduction
VCSELs are attractive light sources for many applications, due to their circular out-
put beam and their ease of integration. It is common for VCSELs to incorporate a
current aperture in order to keep the current flow away from the surface of the device,
and sometimes an optical aperture in order to confine the optical mode in the in-plane
direction. Multi-mode VCSELs have a large aperture and therefore can produce high
output power, as the current density is low even for high injection levels, thus reducing
ohmic heating and thermal rollover. Multi-mode VCSELs also have a broad spectral
output and wide beam divergence, which can result in significant pulse broadening in
optical networks. One solution is to use single-mode VCSELs. Single-mode VCSELs
require a small aperture, which increases the electrical resistance [150] of the device.
In order to achieve single-mode operation, modal discrimination in VCSELs can be
increased by increasing the losses of higher order modes [89, 154]. Modal discrimina-
tion can be accomplished either by using an etched surface relief on the top mirror [89]
such that the reflectivity of higher order modes is reduced, or through the use of anti-
guided VCSELs [154] in which the fundamental leaky mode lases while other higher
order modes experience higher radiative losses. The disadvantage of introducing a
surface relief is that even the fundamental mode can experience increased scattering
loss if the oxide aperture is not in careful alignment with the etched surface. On the
other hand, antiguided VCSELs [154] require higher threshold currents, and exhibit
poor side mode suppression ratio (SMSR).
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Another proposed design for realizing single-mode high-power VCSELs is to etch
photonic crystal patterning in the upper DBR mirror [150, 39, 80, 82, 26]. The
photonic crystal hole size, placement and shape provide several degrees of freedom for
tuning the transverse modal properties [97, 28, 104, 103, 25]. In ref. [39], a photonic
crystal defect-based VCSEL was demonstrated to achieve 7mW of nearly single-mode
output power with a threshold current of 5 mA and a SMSR of 40 dB. The referred
works use either a photonic crystal holey defect or a triangular defect for transverse
mode confinement. However, these two structures were not compared with each other
or with conventional VCSELs to determine the impact of photonic crystal defect-
based DBRs. Therefore, in this research work, the modal discrimination properties
of various photonic crystal defect-based DBRs are studied and are compared with
conventional DBRs. Rather than performing a full 3D simulation of a photonic crystal
defect-based VCSEL [97, 28, 104, 103, 25], only photonic crystal defect-based DBRs
are studied. This approach avoids considerable numerical effort and isolates the
modal discrimination properties of the photonic crystal-based DBRs. The Fourier
modal method analysis of the DBR yields the resonant wavelength at which the DBR
is tuned to minimize the phase shift upon reflection from the DBR, as well as the
magnitude of the reflection of both the fundamental and the first order modes.
Three kinds of photonic crystal patterning are simulated for modal discrimination
analysis. They are:
1. Holey photonic crystal defect: this structure has exhibited endlessly single-mode
operation [16].
2. Quadrilateral holey defect: this structure provides high index contrast confine-
ment for modes.
3. Bragg waveguide type defect: this structure provides a weak band gap effect for
confinement of modes.
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5.2 Numerical experiment set-up
For complete 3D simulation of photonic crystal defect-based VCSELs, the Fourier
modal method (planewave expansion-based scattering matrix analysis) approach de-
mands a large number of modes and planewaves, since the structure is large compared
to the wavelength of light. As it is shown in [74, 73], the mode-matching analysis re-
quires an expansion of the modes of one layer on the basis set of modes of the adjacent
layer, and vice-versa. If we classify the layers as ‘uniform layers’ (where the refractive
index doesn’t vary in the in-plane directions) and ‘non-uniform layers’ (where the
refractive index varies in the in-plane directions), it proves to be numerically easy to
use the uniform layer modes as a basis set to expand the non-uniform layer modes
(because uniform layer modes are planewaves), but difficult to use the non-uniform
layer modes to expand the uniform medium layer modes, unless a large number of
non-uniform layer modes are considered. This is because the uniform layer modes are
infinitely extended planewaves and the non-uniform layer modes (in the structures
that we consider) are spatially confined modes. One way to mitigate this problem
may be to use lateral perfectly matched layer (PML) boundaries so that the modes
in all of the layers appear confined [11, 28], but this has not been implemented here.
Therefore, a complete 3D simulation of a photonic crystal defect-based VCSEL using
the Fourier modal method would be computationally intensive and slow.
However, since our interest is to study the modal discrimination properties of
various photonic crystal defect structures, we set up the problem such that the ap-
proximate first and second photonic crystal defect VCSEL modes are launched at the
photonic crystal defect DBR from the bottom layer, and the scattering properties of
the multi-layered photonic crystal defect DBR are then analyzed. The experiment
requires a comparatively small number of modes, since all of the internal layers are
photonic crystal defect layers (non-uniform layers) with similar modal patterns, and
only the last layer is air representing the open boundary. Note that even though the
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last layer is uniform, there is only an outgoing field in that layer, and therefore the
confined modes in the adjacent non-uniform layer do not have to be used to expand
the uniform (air) layer modes. So, instead of full 3D simulation of a photonic crystal
defect-based VCSEL structure, we isolate the modal discrimination properties of the
photonic crystal defect DBR with greatly reduced numerical effort.
Two properties are of interest: the fundamental and first order modal resonant
wavelengths of the photonic crystal DBR, and the magnitude of the reflection of the
fundamental and first order modes at their respective resonant wavelengths. The
latter property represents the out-of-plane losses of the fundamental and first or-
der modes in a VCSEL, and the former property is related to the VCSEL resonant
wavelength separation. The resonant wavelength of the entire VCSEL cavity will not
precisely match the resonant wavelength of the photonic crystal DBR alone, but we
expect the difference between the two to be relatively small in a well-designed cavity.
If t represents the vector containing the planewave amplitudes of the incident
modal field in the bottom layer, and r represents the vector containing the planewave
amplitudes of the reflected modal fields, then a factor referred to as the reflected-
incident inner product κ is defined to calculate the amplitude and phase of the re-
flected field from the photonic crystal defect-based DBR which returns in the incident
mode pattern.
κ = Real{
< r |t >
< t |t >
} (55)
The parameter <r|t>
<t|t>
is a complex number with absolute value less than or equal
to 1. After launching either the fundamental or the first order mode as the incident
field from beneath the DBR , the wavelength is tuned using a root-finding algorithm
to find the wavelength for which the reflected field is in phase with the incident field.
When this is achieved, the imaginary part of the parameter <r|t>
<t|t>
goes to 0. This
wavelength is considered to be the resonant wavelength of the corresponding mode
of the DBR. Resonant wavelengths for both fundamental and first order modes are
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calculated using this technique.
In a VCSEL, the total optical losses from the cavity may be split into two types
of optical loss: the in-plane modal losses and the out-of-plane diffraction losses. One
disadvantage of the Fourier modal method is that it does not account for in-plane
losses, because a periodic boundary condition [74, 73] is imposed in the in-plane direc-
tions. It has already been demonstrated in ref. [142], that higher-order modes have
higher in-plane losses compared to the fundamental mode, although the difference is
small. Because it neglects in-plane losses, the Fourier modal method will certainly
underestimate the modal discrimination of photonic crystal defect-based DBRs. In
this research work, with the assumption that in-plane modal losses are very small
[142] and are not changing the modal shape, only the effect of out-of-plane diffraction
losses are calculated, and are compared with the oxide-DBR combination used in
conventional VCSELs.
5.3 Results
5.3.1 Oxide layer and DBR
Figure 50: The oxide layer and DBR with 24.5 pairs of alternating layers of GaAs
(with refractive index 3.53) and AlGaAs (with refractive index 3.08) with air holes.
The right plot shows the cross section of the oxide layer.
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A freely available electromagnetics modeling software, CAvity Modeling FRamework
(CAMFR) [14] is used to calculate the reflection, transmission, and diffraction caused
by a conventional DBR and oxide aperture combination. The structure is shown in
Fig. 50.
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Figure 51: The variation of the resonant wavelengths of the fundamental and first
order modes as a function of the radius of oxide aperture.
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Figure 52: The variation of the magnitude of the reflected-incident inner product
|κ| for fundamental and first order modes of an oxide aperture/DBR combination as
a function of wavelength, for the oxide aperture diameter of 8µm. The endpoints are
the resonant wavelengths of the two modes.
The resonant wavelength is shown in Fig. 51 for varying oxide aperture radius.
The reflected-incident inner product parameter |κ| is shown in Fig. 52 for a fixed oxide
aperture diameter of 8µm. The figures clearly show higher separation of resonant
wavelengths for smaller aperture radius, and higher diffraction losses for the first
order mode compared to the fundamental mode.
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5.3.2 Holey photonic crystal defect-based DBRs
Figure 53: The photonic crystal defect-based DBR has 25 pairs of alternating layers
of AlGaAs (with refractive index 3.08) and GaAs (with refractive index 3.53) with
air holes. The right plot shows the photonic crystal defect pattern.
The multi-layered circular holey photonic crystal defect structure shown in Fig. 53,
which has already been investigated in VCSELs [150, 80, 28, 103] is the first photonic
crystal structure simulated. It is simulated using the Fourier modal code described
in this thesis.
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Figure 54: The real part of electric field pattern along the out-of-plane direction,
and the in-plane intensity patterns of the fundamental and first-order modes of the
holey photonic crystal defect-based DBR.
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Figure 55: The convergence analysis of the resonant wavelengths of the fundamental
(λ0) and first order (λ1) modes in the holey photonic crystal defect-based DBR.
Fig. 54 confirms the continuity of fields at layer interfaces and the intensity pat-
terns of the fundamental and first-order modes. An inner product of reflected fields
with the incident fields (reflected-incident field vectors inner product) κ is calculated,
and simultaneously the wavelength is tuned using a root-finding algorithm to ob-
tain the resonant wavelengths. A convergence analysis of the resonant wavelength
calculations is carried out in order to confirm the results, and is shown in Fig. 55.
The resonant wavelength shows good convergence with as few as 50 modes, because
there is little scattering into higher-order modes at the interfaces between adjacent
layers, as the index contrast between the adjacent layers is small. Next, the structural
properties of the photonic crystal defect-based DBRs are varied and the variation of
resonant wavelengths is shown in Fig. 56.
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Figure 56: The variation of resonant wavelengths of the fundamental and first order
modes as a function of lattice constant in the holey photonic crystal defect-based
DBR.
The Fig. 56 shows the variation of resonant wavelengths as a function of lattice
constant. A smaller lattice constant results in a smaller defect cavity, and the wave-
length separation between the fundamental and first order modes will increase. The
trend is similar to that observed in [25], and the modal wavelength separation values
are comparable to that in [28].
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Figure 57: The variation of the magnitude of the reflected-incident inner product |κ|
for fundamental and first order modes of the holey photonic crystal defect-based DBR
between their respective resonant wavelengths for a fixed lattice constant, a = 4µm.
Next, the magnitude of the reflected-incident fields inner product, |κ| is plotted
for fundamental and first order modes versus wavelength to calculate the amount of
useful reflected fields in the relevant wavelength range for a fixed lattice constant,
a = 4µm. The result is shown in Fig. 57. Interestingly, the reflected-incident fields
inner products of the fundamental and first order modes cross in this case, so that
the first order mode will have a higher effective reflection at its resonant wavelength.
This indicates that diffraction of the first order mode is inhibited by the in-plane
confinement offered by holes around the defect. Based on this information, the higher
threshold gain requirement for higher order modes in [28] may stem from the higher
in-plane modal losses (which are not considered in this work).
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5.3.3 Quadrilateral holey photonic crystal defect-based DBR
Figure 58: The photonic crystal defect based-DBR shown here has 24.5 pairs of
alternating layers of GaAs (with refractive index 3.53) and AlGaAs (with refractive
index 3.08) with quadrilateral air holes. The right plot shows the in-plane photonic
crystal defect pattern.
In conventional oxide confined VCSELs, an oxide aperture in one or more layers pro-
vides modal confinement. The quadrilateral air holes as shown in Fig. 58 should
similarly provide a high index contrast confinement of modes. We expect the perfor-
mance to be similar to that of the triangular hole defects in [39].
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Figure 59: The real part of electric field pattern along the longitudinal direction
and the in-plane intensity pattern of the fundamental and first-order modes of the
quadrilateral holey defect-based DBR.
The electric field along the longitudinal direction and the in-plane intensity pattern
of both fundamental and first order modes are shown in Fig. 59.
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Figure 60: The convergence analysis of the resonant wavelengths of the fundamental
(λ0) and first order (λ1) modes in the quadrilateral holey defect-based DBR.
The convergence analysis of the resonant wavelengths of the fundamental and first
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order modes are shown in Fig. 60.
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Figure 61: The variation of the resonant wavelengths of the fundamental and first
order modes of the quadrilateral holey defect-based DBR as a function of the inner
defect radius.
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Figure 62: The variation of the magnitude of the reflected-incident field inner prod-
uct parameter, |κ| versus wavelength in the wavelength range between the resonant
wavelength of the fundamental mode and the first order mode of the quadrilateral
holey defect-based DBR for a fixed inner radius of b1 = 3.5µm.
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The inner radius b1 of the central defect of the photonic crystal is varied and the
resonant wavelengths are plotted in Fig. 61. The strong modal confinement offered
by the holes results in higher out-of-plane diffraction losses for higher order modes as
shown in Fig. 62 for a fixed inner radius of b1 = 3.5µm.
5.3.4 Bragg waveguide type photonic crystal defect-based DBR
Figure 63: The photonic crystal defect-based DBR shown here has 25 pairs of
alternating layers of AlGaAs (with refractive index 3.08) and GaAs (with refractive
index 3.53) with Bragg waveguide type holes. The right plot shows the in-plane
photonic crystal defect pattern.
In the previous sub-section, the intention of quadrilateral holes is to provide a high
index contrast for strong in-plane confinement of modes and simltaneously cause
scattering into higher order modes. Now two such holes are placed as shown in Fig.
63 to provide a lateral Bragg mirror effect for the confinement of modes.
91
0 1 2 3 4
−0.02
−0.01
0
0.01
0.02
Along the length (in µm)
R
ea
l(E
x) 
(in
 a.
u.)
0 1 2 3 4
−4
−2
0
2
4
x 10−4
Along the length (in µm)
R
ea
l(E
x) 
(in
 a.
u.)
Figure 64: The real part of electric field pattern along the longitudinal direction
and the in-plane intensity patterns of the fundamental and first-order modes of the
Bragg type defect-based DBR.
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Figure 65: The convergence analysis of the resonant wavelengths of the fundamental
(λ0) and first order (λ1) modes of the Bragg type defect-based DBR.
The field plots and the convergence analysis of the fundamental and first order
modes are shown in Figs. 64 and 65.
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Figure 66: The variation of the resonant wavelengths of the fundamental and first
order modes of the Bragg type defect-based DBR as a function of inner defect radius.
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Figure 67: The variation of the magnitude of the reflected-incident fields inner
product parameter |κ| versus wavelength within the resonant wavelength range of the
fundamental and first order modes of the Bragg type defect-based DBR for a fixed
inner radius of b3 = 3µm.
Finally, the resonant wavelength is plotted as a function of inner radius b3 in Fig.
66, and |κ| is plotted as a function of wavelength for a fixed inner radius of b3 = 3µm
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in Fig. 67.
5.4 Summary of modal discrimination properties
In VCSELs, there are two primary types of structural optical losses: modal in-plane
losses and out-of-plane diffraction losses. Due to the inherent in-plane periodic bound-
ary condition in the Fourier modal method, this method is unable to calculate the
in-plane losses of the device. However, since in-plane losses in photonic crystal-based
defects are small [142], the out-of-plane diffraction losses of the device are calculated
using the Fourier modal method.
All structures showed increased diffraction losses for smaller inner (aperture) ra-
dius. The traditional oxide aperture showed large modal discrimination because the
aperture was adjacent to uniform DBRs. The uniform DBR pairs didn’t provide any
lateral confinement to oxide aperture modes.
All of the photonic crystal-based DBRs considered here provided good lateral
confinement to the defect modes. Even though the resonant wavelength separation
between fundamental and first-order modes was significant, the modal discrimination
due to diffraction losses was small. It appears that the main contribution to modal
discrimination for photonic crystal-based single-mode lasers is the in-plane modal
losses. Further investigation to analyze the results in this chapter is ongoing.
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CHAPTER VI
SUMMARY AND FUTURE RESEARCH DIRECTIONS
Surface plasmon-based and periodic medium-based devices are attractive candidates
for next-generation sub-micron-scale and ultra-fast optical devices, because of their
light confinement, dispersion and extraction tailoring properties. In this research
work, various periodic and surface plasmon-based devices were theoretically studied
to determine their feasibility and performance as photonic devices.
6.1 Surface plasmon-based devices
Planar surface plasmon-based devices are easy to fabricate compared to cylindrical
surface plasmon-based devices. Experimentalists have already demonstrated planar
surface plasmon-based lasers by using an active region that has very high gain [124,
144], and by operating at long wavelengths, such that the light exhibits small loss in
metals [138]. On the other hand, sub-micron cylindrical microcavities perform well in
the absence of metal, which suggests that a cylindrical configuration may be desirable
for surface plasmon-based lasers. For this reason, cylindrical surface plasmon-based
lasers were studied using classical cylindrical waveguide theory. It was found that
[72]
1. The metal cladding decreased the cutoff radius of TM and some hybrid modes,
but gave rise to two classes of surface plasmon modes: the core-metal surface
guided modes (short-range surface plasmon modes), and the air-metal surface
guided modes (long-range surface plasmon modes).
2. The core-metal surface guided modes were well confined to the gain region but
suffered large losses, and the air-metal surface guided modes suffered smaller
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losses but were also less confined to the core region, due to which neither class
of surface plasmon modes showed promise for lasing for the structure and the
materials considered.
3. The lower order guided modes, such as the TE01 and HE11 modes, were less
affected by the metal cladding, and were well confined to the core. Using an
appropriate device design, higher order modes can be made to suffer significantly
more losses than the lower order modes, and in this way modal discrimination
can be improved.
6.2 Photonic crystal-based devices
6.2.1 Planewave expansion-based scattering matrix analysis
Presently, there exist various real space and reciprocal space methods for theoreti-
cally studying photonic crystal-based devices. Many previously developed planewave
expansion-based schemes result in non-sparse and non-Hermitian matrices, and they
are inefficient for larger structures [73]. In this thesis, an efficient planewave expan-
sion scheme (Fourier modal method) was developed, and it satisfies the following
conditions:
1. A numerical Fourier transform operator was directly introduced into the Helmholtz
equation operator to make the problem matrix-free, and to achieve computa-
tion times that scale as O(N log(N)) (where N is the number of planewaves)
for calculating layer modes.
2. Only a limited number of planewaves were used for mode-matching analysis at
layer interfaces.
The developed planewave expansion-based scattering matrix analysis was tested and
then applied to two problems.
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6.2.1.1 Robust design of photonic structures
The extrinsic losses due to fabrication errors in sub-micron structures are known to be
just as important as intrinsic losses [49, 67]. A device design obtained by minimizing
only intrinsic losses results in an optimum design, but a design obtained by minimizing
both intrinsic and extrinsic losses, as well as constraining the sensitivity of the losses
to random fabrication errors, is a robust design. A slow light coupler, which has both
a linear dispersion regime region and a flat dispersion regime region, was considered
as an example problem, and both optimum and robust designs were calculated. The
following conclusions were drawn:
1. The fabrication errors within the linear dispersion regime region had little im-
pact on light transmission, since the linear dispersion region allowed the passage
of light with little interference.
2. The fabrication errors within the flat dispersion regime region affected the
waveguide modal pattern to a great extent, and had a significant impact on
light transmission.
Therefore, in the presence of fabrication defects, a design with a short flat dispersion
regime region will be more robust than a design with a long flat dispersion regime
region.
6.2.1.2 Modal discrimination in photonic crystal defect based VCSELs
VCSELs are micron-scale devices that are known to be versatile light sources for
optical communication. However, achieving single-mode high-power operation re-
quires large optical losses for higher order modes and large separation of resonant
wavelengths. Photonic crystal patterning can be tailored to improve modal discrim-
ination properties by ensuring that higher order modes suffer higher total optical
losses than lower order modes, but our analysis of photonic crystal holey defect-based
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DBRs considering only out-of-plane loss showed poorer modal discrimination proper-
ties compared to conventional VCSELs. So, our results indicate that the experimental
observation of higher threshold gain [28] for the first order mode stems from higher in-
plane losses [142]. The three different photonic crystal patternings had the following
properties:
1. The circular holey defect structure exhibited the maximum separation of reso-
nant wavelengths, but the fundamental mode suffered more out-of-plane losses
than the first order modes.
2. The quadrilateral holey defect structure provided high contrast lateral confine-
ment for modes, and the fundamental mode suffered less out-of-plane losses than
the first order mode, and large resonant wavelength separation was observed.
3. The Bragg waveguide-type defect structure had a weak band gap effect because
of the dimensionality of the structure, and therefore exhibited similar properties
to the quadrilateral holey structure.
Therefore, the last two patternings had superior out-of-plane modal loss characteris-
tics.
6.3 Future research directions
Sub-micron-scale structures have feature dimensions smaller than a micron. These
devices can be integrated for all-optical signal processing on a chip. Presently, high
index contrast-based devices are used for photonic integrated circuits [22], but their
dimensions are on the order of a few millimeters and they are often not monolithic.
Light in such structures can’t be slowed significantly through structural dispersion.
By contrast, sub-micron-scale structures offer the following advantages when com-
pared to conventional photonic integrated circuits:
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Figure 68: The sub-micron photonic crystal structure showing out-of-plane and
impedance mismatch losses.
1. The non-linear, electrooptic, and absorption properties of these devices can
be enhanced even for small optical pumping powers. For this reason, they are
good candidates for high-speed ultra-compact switches, thresholdless lasers, and
single photon detectors.
2. The structural dispersion properties can be used for slowing light.
3. The propagation, confinement, and extraction properties can be tailored.
6.3.1 Sub-micron-scale structures
There are a number of novel sub-micron-scale device concepts and issues that can be
theoretically tested and improved using the Fourier modal method described in this
thesis. They include:
1. Selective region pumping: for all-optical processing, slow light is essential. High-
Q photonic crystal cavities have already achieved slow light. Unfortunately,
in conventional photonic crystal microcavities [102], the slower the light, the
smaller the operational bandwidth. Achieving simultaneously slow light and
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large bandwidth is practically impossible using conventional photonic crystal-
based microcavities. One solution is photonic bandgap engineering [5]. How-
ever, this solution would require a long waveguide structure. Another recently
proposed solution is to use dynamic photonic crystals [33]. Through selec-
tive cavity pumping, the refractive index of an individual cavity can be varied
in time. This method is theoretically predicted to overcome the fundamental
delay-bandwidth constraint.
2. Out-of-plane losses: in many slow light waveguides, the slow light propagates
primarily along the in-plane direction. However, there will be significant out-
of-plane scattering in the flat-dispersion regime, as shown in Fig. 68. A slow
light waveguide design can be significantly improved [132] by considering the
important contribution of out-of-plane losses.
3. Electrical contacts: most photonic crystal-based sub-micron devices rely on
optical pumping. For future applications, electrical pumping of these devices
is desirable. Therefore, electrical contacts on the surface are required, and the
impact of the elctrical contacts on the optical properties must be studied.
6.3.2 Micron-scale structures
Micron-scale photonic crystals have already been implemented in lasers [150, 39]
for high-power single-mode operation, in LEDs for high extraction efficiency, and in
fibers for endlessly single-mode operation [16]. More advanced structures in which the
photonic crystal hole size is varied along the propagation direction provide another
degree of freedom in design, and may improve performance. In photonic crystal-
based VCSELs, if the hole size is increased along the vertical direction as shown in
Fig. 69, the out-of-plane confinement of lower order modes may improve due to the
decreasing effective refractive index along the z-direction. This structure may also
achieve an increase in out-of-plane scattering of higher order modes, and thus improve
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Figure 69: Novel design of photonic crystal-based VCSEL structure with conical
holey defect.
modal discrimination. Conical holes have also been shown to improve the extraction
efficiency of LEDs [37]. Optimization of the shape of photonic crystal holes along the
vertical direction is an interesting problem that is well-suited for analysis using the
Fourier modal method presented in this thesis.
6.3.3 Conclusion
The increase in demand for speed, bandwidth and efficiency of information processing
and communication is driving the electronics industry towards saturation. It has al-
ready been predicted that in this century, photonics will play the role that electronics
played in the last century. In the last century, the invention of the transistor and
integrated circuits led to an exponential growth of electronic information processing
power. Most of the electronic applications we see today were not even contemplated
when the transistor was invented. A similar trend can be expected in the integration
of photonic devices. Similar to a transistor or diode, photonic crystals and surface
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plasmons offer 2D and 3D control of photons in micro and nano-scales, and have
challenged the photonics community on both fundamental and application fronts. As
photonic integrated circuits become a reality, all-optical processing power will eventu-
ally rival that of electronics. Development of this technology will require reliable and
predictive photonics CAD tools, such as the Fourier modal method code described in
this thesis.
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APPENDIX A
CYLINDRICAL WAVEGUIDE THEORY FOR THREE
LAYERED STRUCTURE
Analytically, the electric and magnetic fields in cylindrical waveguide are known to
have Bessel and Neumann form along radial direction, since and cosine form along
angular direction and exponential form along propagation direction as solution [17].
Assuming such form for z-field components, all other field components are calculated
by matching boundary conditions using Maxwell’s equations in cylindrical coordi-
nates.
In layer I (the inner medium),
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= i
kz
kI
2
t
(
ν
ρ
)BI
Iν(k
I
t ρ)
Iν(kIt a)
cos(νφ)
+i
kI
2
ηk0kIt Iν(k
I
t a)
AI(
ν
kIt ρ
Iν(k
I
t ρ) + Iν+1(k
I
t ρ)) cos(νφ) (61)
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In layer II (cladding medium),
Ez = (A
II
1
Iν(k
II
t ρ)
Iν(kIIt a)
+ AII2
Kν(k
II
t ρ)
Kν(kIIt a)
) cos νφe−ikzz (62)
Hz = (B
II
1
Iν(k
II
t ρ)
Iν(kIIt a)
+BII2
Kν(k
II
t ρ)
Kν(kIIt a)
) sin νφe−ikzz (63)
Eφ = −i
ωµ
(ω2µǫ− k2z)
(
kz
ωµ
∂Ez
ρ∂φ
−
∂Hz
∂ρ
)
= i
kz
kII
2
t
(−
ν
ρ
)(AII1
Iν(k
II
t ρ)
Iν(kIIt a)
+ AII2
Kν(k
II
t ρ)
Kν(kIIt a)
) sin(νφ)
−i
k0η
kIIt
(
BII1
Iν(kIIt a)
(
ν
kIIt ρ
Iν(k
II
t ρ) + Iν+1(k
II
t ρ))
+
BII2
Iν(kIIt a)
(
ν
kIIt ρ
Kν(k
II
t ρ)−Kν+1(k
II
t ρ))) sin(νφ) (64)
Hφ = −i
ωǫ
(ω2µǫ− k2z)
(
kz
ωǫ
∂Hz
ρ∂φ
+
∂Ez
∂ρ
)
= i
kz
kII
2
t
(
ν
ρ
)(BII1
Iν(k
II
t ρ)
Iν(kIIt a)
+BII2
Iν(k
II
t ρ)
Iν(kIIt a)
) cos(νφ)
+i
kII
2
ηk0kIIt
(
AII1
Iν(kIIt a)
(
ν
kIIt ρ
Iν(k
II
t ρ) + Iν+1(k
II
t ρ))
+
AII2
Kν(kIIt a)
(
ν
kIIt ρ
Kν(k
II
t ρ)−Kν+1(k
II
t ρ))) cos(νφ) (65)
In layer III (outer medium),
Ez = A
III Kν(k
III
t ρ)
Kν(kIIIt (a+ t))
cos νφe−ikzz (66)
Hz = B
III Kν(k
III
t ρ)
Kν(kIIIt (a+ t))
sin νφe−ikzz (67)
Eφ = −i
ωµ
(ω2µǫ− k2z)
(
kz
ωµ
∂Ez
ρ∂φ
−
∂Hz
∂ρ
)
= i
kz
kIII
2
t
(−
ν
ρ
)AIII
Kν(k
III
t ρ)
Kν(kIIIt (a+ t))
sin(νφ)
−i
k0η
kIIIt Kν(k
III
t (a+ t))
BIII(
ν
kIIIt ρ
Kν(k
III
t ρ)−Kν+1(k
III
t ρ)) sin(νφ) (68)
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Hφ = −i
ωǫ
(ω2µǫ− k2z)
(
kz
ωǫ
∂Hz
ρ∂φ
+
∂Ez
∂ρ
)
= i
kz
kIII
2
t
(
ν
ρ
)BIII
Kν(k
III
t ρ)
Kν(kIIIt (a+ t))
cos(νφ)
+i
kIII
2
ηk0kIIIt Kν(k
I
t (a+ t))
AIII(
ν
kIIIt ρ
Kν(k
III
t ρ)−Kν+1(k
III
t ρ)) cos(νφ)(69)
On matching field amplitudes Ez, Hz, Eφ and Hφ, at ρ = a,
AI = AII1 + A
II
2 (70)
BI = BII1 +B
II
2 (71)
kz
k2t
(−
ν
a
)AI −
k0η
kt
BI(
ν
kIt a
+
Iν+1(k
I
t a)
Iν(kIt a)
) =
kz
k2t
(−
ν
a
)(AII1 + A
II
2 )
−
k0η
kt
(BII1 (
ν
kIIt a
+
Iν+1(k
II
t a)
Iν(kIIt a)
)
+BII2 (
ν
kIIt
−
Kν+1(k
II
t a)
Kν(kIIt a)
)) (72)
kz
k2t
(
ν
a
)BI1 +
k2I
k0kIt η
AI(
ν
kIt a
+
Iν+1(kta)
Iν(kIt a)
) =
k2z
kII
2
t
(
ν
a
)(BII1 +B
II
2 )
+
kII
2
k0kII
2
t η
(AII1 (
ν
kIIt a
+
Iν+1(k
II
t a)
Iν(kIIt a)
)
+AII2 (
ν
kIIt a
−
Kν+1(k
II
t a)
Kν(kIIt a)
)) (73)
At ρ = (a+ t),
AII1
Iν(k
II
t (a+ t))
Iν(kIIt a)
+ AII2
Kν(k
II
t (a+ t))
Kν(kIIt a)
= AIII (74)
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BII1
Iν(k
II
t (a+ t))
Iν(kIIt a)
+BII2
Kν(k
II
t (a+ t))
Kν(kIIt a)
= BIII (75)
k2z
k2t
(−
ν
(a+ t)
)(AII1
Iν(k
II
t (a+ t))
Iν(kIIt a)
+AII2
Kν(k
II
t (a+ t))
Kν(kIIt a)
)
−
k0ν
kIIt
(
BII1
Iν(kIIt a)
(
ν
kIIt (a+ t)
Iν(k
II
t (a+ t))
+Iν+1(k
II
t (a+ t)))
+
BII2
Kν(kIIt (a+ t))
(
ν
kIIt (a+ t)
Kν(k
II
t (a+ t))
−Kν+1(k
II
t (a+ t)))) =
kz
kIII
2
t
(−
ν
a+ t
)AIII
−
k0η
kIIIt
BIII(
ν
kIIIt (a+ t)
−
Kν+1(k
III
t (a+ t))
Kν(kIIIt (a+ t))
) (76)
k2z
k2t
(
ν
(a+ t)
)(BII1
Iν(k
II
t (a+ t))
Iν(kIIt a)
+BII2
Kν(k
II
t (a+ t))
Kν(kIIt a)
)
−
k20
k0kIIt η
(
AII1
Iν(kIIt a)
(
ν
kIIt (a+ t)
Iν(k
II
t (a+ t))
+Iν+1(k
II
t (a+ t)))
+
AII2
Kν(kIIt (a+ t))
(
ν
kIIt (a+ t)
Kν(k
II
t (a+ t))
−Kν+1(k
II
t (a+ t)))) =
kz
kIII
2
t
(−
ν
a+ t
)BIII
−
k0kIII
kIIIt η
AIII(
ν
kIIIt (a+ t)
−
Kν+1(k
III
t (a+ t))
Kν(kIIIt (a+ t))
) (77)
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Equations 70 through 77 results in the dispersion relation given in equation 7 of
Chapter 2. For TE and TM mode calculation, the size of the matrix in equation 7
is reduced to 4× 4 by setting Ez = Hφ = 0 and Hz = Eφ = 0 respectively.
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APPENDIX B
MATRIX TO MATRIXFREE SOLUTION
The two Maxwell curl equations for time-harmonic fields in a source-free medium are,
∇×H = iωǫE, ∇× E = −iωµH (78)
The above equations can be written in the form,
∂Hz
∂y
−
∂Hy
∂z
= iωǫEx,
∂Ez
∂y
−
∂Ey
∂z
= −iωµHx (79)
−
∂Hz
∂x
+
∂Hx
∂z
= iωǫEy, −
∂Ez
∂x
+
∂Ey
∂z
= −iωµHx (80)
∂Hy
∂x
−
∂Hx
∂y
= iωǫEz,
∂Ey
∂x
−
∂Ex
∂y
= −iωµHz (81)
From the above set of equations,
Hz =
i
ωµ
[
∂
∂x
− ∂
∂y
] Ey
Ex

 (82)
Ez = −
i
ωǫ
[
∂
∂x
− ∂
∂y
] Hy
Hx

 (83)
Substituting the above equations 82 and 83 in 79 and 80 we get,
∂
∂z

 Hy
Hx

 =


∂Hz
∂y
− iωǫEx
∂Hz
∂x
+ iωǫEy

 (84)
∂
∂z

 Ey
Ex

 =


∂Ez
∂y
+ iωµHx
∂Ez
∂x
− iωµHy

 (85)
Using equations 82 and 83 in equations 84 and 85,
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∂∂z

 Hx
Hy

 =


∂
∂x
i
ωµ
∂Ey
∂x
− ∂
∂x
i
ωµ
∂Ex
∂y
+ iωǫEy
∂
∂y
i
ωµ
∂Ey
∂x
− ∂
∂y
i
ωµ
∂Ex
∂y
− iωǫEx

 (86)
∂
∂z

 Ex
Ey

 =

 −
∂
∂x
i
ωǫ
∂Hy
∂x
+ ∂
∂x
i
ωǫ
∂Hx
∂y
− iωµHy
− ∂
∂y
i
ωǫ
∂Hy
∂x
+ ∂
∂y
i
ωǫ
∂Hx
∂y
+ iωµHx

 (87)
⇒
−ikz

 Hx
Hy

 =


∂
∂x
i
ωµ
∂
∂x
+ iωǫ − ∂
∂x
i
ωµ
∂
∂y
∂
∂y
i
ωµ
∂
∂x
− ∂
∂y
i
ωµ
∂
∂y
− iωǫ



 Ey
Ex

 (88)
−ikz

 Ex
Ey

 =

 −
∂
∂x
i
ωǫ
∂
∂x
− iωµ − ∂
∂x
i
ωǫ
∂
∂y
− ∂
∂y
i
ωǫ
∂
∂x
∂
∂y
i
ωǫ
∂
∂y
+ iωµ



 Hy
Hx

 (89)
⇒

 ∂∂x iωµ ∂∂x + iωǫ − ∂∂x iωµ ∂∂y
∂
∂y
i
ωµ
∂
∂x
− ∂
∂y
i
ωµ
∂
∂y
− iωǫ



 ∂∂y iωǫ ∂∂y + iωµ − ∂∂y iωǫ ∂∂x
∂
∂x
i
ωǫ
∂
∂y
− ∂
∂x
i
ωǫ
∂
∂x
− iωµ



 Hx
Hy

 = −k2z

 Hx
Hy

 (90)
On substituting equation 89 in 88 we get,


((
∂
∂x
i
ωµ
∂
∂x
+ iωǫ
) (
∂
∂y
i
ωǫ
∂
∂y
+ iωµ
)
−(
∂
∂x
i
ωµ
∂
∂y
) (
∂
∂x
i
ωǫ
∂
∂y
))
(
−
(
∂
∂x
i
ωµ
∂
∂x
+ iωǫ
) (
∂
∂y
i
ωǫ
∂
∂x
)
+(
∂
∂x
i
ωµ
∂
∂y
) (
∂
∂x
i
ωǫ
∂
∂x
+ iωµ
))
((
∂
∂y
i
ωµ
∂
∂x
) (
∂
∂y
i
ωǫ
∂
∂y
+ iωµ
)
−(
∂
∂y
i
ωµ
∂
∂y
+ iωǫ
) (
∂
∂x
i
ωǫ
∂
∂y
))
(
−
(
∂
∂x
i
ωǫ
∂
∂y
) (
∂
∂y
i
ωǫ
∂
∂y
+ iωµ
)
+(
∂
∂y
i
ωµ
∂
∂y
+ iωǫ
) (
∂
∂x
i
ωǫ
∂
∂x
+ iωµ
))



 Hx
Hy

 = −k2z

 Hx
Hy


(91)
If the magnetic field,
~H(~r) =
∑
G
(HGxxˆ+HGyyˆ +HGz zˆ)ψk+G(x, y) exp(−ikzz)
where ψG is an exponential set of orthonormal functions representing a complete
basis [29] set. Now by substituting the above equation for ~H(~r) in (91) and multiply-
ing by the conjugate of the basis function on both sides and integrating throughout
the real space, (91) can be reduced to the following form,
 A11 A12
A21 A22



 HGx
HGy

 = k2zB

 HGx
HGy

 (92)
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¿From equation. 91 in differential form, A11Hx(~r) term is used to demonstrate
the deduction of matrix-free implementation. In differential form,
A11Hx(~r) =
∫
Ω
exp(i(~k + ~G′).~r)((
∂
∂x
i
ωµ
∂
∂x
+iωǫ)(
∂
∂y
i
ωǫ
∂
∂y
+ iωµ)
−(
∂
∂x
i
ωµ
∂
∂y
∂
∂x
i
ωǫ
∂
∂y
))Hx(~r)dΩ (93)
=
∫
Ω
exp(i(~k + ~G′).~r)(
∂
∂x
i
ωµ
∂
∂x
iωµ
+iωǫ
∂
∂y
i
ωǫ
∂
∂y
− ω2µǫ)Hx(~r)dΩ (94)
=
∫
Ω
exp(i(~k + ~G′).~r)(−
∂2
∂x2
− ωǫ
∂
∂y
1
ωǫ
∂
∂y
− ω2µǫ)Hx(~r)dΩ (95)
On substituting, Hx(~r) =
∑
GHGx exp(−i(
~k + ~G).~r),
A11Hx(~r) = (kx +Gx)
2HGxδG′,G
−
∫
Ω
exp(i(~k + ~G′).~r)ωǫ
∂
∂y
1
ωǫ
∂
∂y
∑
G
HGx exp(−i(~k + ~G).~r)dΩ
−
∫
Ω
exp(i(~k + ~G′).~r)ω2µǫ
∑
G
HGx exp(−i(~k + ~G).~r)dΩ (96)
= (kx +Gx)
2HGxδG′,G
−
∫
Ω
exp(i(~k + ~G′).~r)ωǫ
∂
∂y
1
ωǫ∑
G
−i(ky +Gy)HGx exp(−i(~k + ~G).~r)dΩ
−
∫
Ω
exp(i(~k + ~G′).~r)ω2µǫ exp(−i~k.~r)IFT{HGx}dΩ (97)
= (kx +Gx)
2HGxδG′,G
+i
∫
Ω
exp(i(~k + ~G′).~r)ωǫ
∂
∂y
1
ωǫ
exp(−i~k.~r)IFT{(ky +Gy)HGx}dΩ
−
∫
Ω
exp(i ~G′~r)ω2µǫIFT{HGx}dΩ (98)
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A11Hx(~r) = (kx +Gx)
2HGxδG′,G
+i
∫
Ω
exp(i(~k + ~G′).~r)ωǫ
∂
∂y
1
ω∑
G
[FT{
1
ǫ
IFT{(ky +Gy)HGx}}]G exp(−i(~k + ~G).~r)dΩ
−ω2µFT{ǫIFT{HGx}} (99)
= (kx +Gx)
2HGxδG′,G
+i
∫
Ω
exp(i(~k + ~G′).~r)ǫ
∑
G
−i(ky +Gy)[FT{
1
ǫ
IFT{(ky +Gy)HGx}}]G
exp(−i(~k + ~G).~r)dΩ
−ω2µFT{ǫIFT{HGx}} (100)
= (kx +Gx)
2HGxδG′,G
+
∫
Ω
exp(i(~k + ~G′).~r)ǫ exp(−i~k.~r)
IFT{(ky +Gy)FT{
1
ǫ
IFT{(ky +Gy)HGx}}}dΩ
−ω2µFT{ǫIFT{HGx}} (101)
= (kx +Gx)
2HGxδG′,G
+
∫
Ω
exp(i ~G′.~r)ǫ
IFT{(ky +Gy)FT{
1
ǫ
IFT{(ky +Gy)HGx}}}dΩ
−ω2µFT{ǫIFT{HGx}} (102)
= (kx +Gx)
2HGxδG′,G
+FT{ǫIFT{(ky +Gy)FT{
1
ǫ
IFT{(ky +Gy)HGx}}}}
−ω2µFT{ǫIFT{HGx}} (103)
Overall in the above equation set, note that only ǫ is in real space (assuming
µ is not spatially varying) and all other entities are in reciprocal space. The term,
111
FT(real space term)IFT in reciprocal space is a matrix representing convolution of
the real space term with other terms. Through the use of FT and IFT operators and
by keeping ǫ in real space, the matrix construction and matrix multiplication which
is O(N2) is avoided. Similarly other matrix-free equations are derived.
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